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PREFACE 

The fol lowing r e p o r t  i s  div.ided i n t o  four p a r t s ,  The f i r s t  is 

a discussion of the  a p p l i c a t i o n  of Kalnan f i l t e r  theory t o  s y s t e m  

w i t h  t h e  delay.  

the appendix. The nonlinear  Kalmsn equa t ions  were solved by con- 

v e r t i n g  t o  a set of d i s c r e t e  equa t ions  (as discussed by Meditch), 

c 

Appl fca t ioc  t o  t h e  " i n l e t  prablen" is included i n  
- -  

/---. 

Further work is planned which w i l l  develop a more general, computa- 

t i o n a l  procedure for  go re  than one t i n e  de l ay ,  Also the  problem w i t h  

a l a r g e  v a r i e t y ' o f  measurenents 2nd states i s  being a t t ecked .  

The next problem i s  s i n i l a r  b y t  the noise .and t i m e  delay are 

no t  inc luded  i n  the "model. An appropr i a t e  feedback c o n t r o l l e r  i s  

dcsc r ibed  by a se t  of par imeters  which s p e c i f y  the gain,  po le ,  2nd 

zero l o c a t i o n s .  These paraneters e r e  v a r i e d  t o  d e t e r n i n e  the 

c a b i n a t i o n  of p a r m e t e r  vzlt ies which mininize t S e  u n s t a r t  frequenc 

This WJS done by p l o t t i n s  t he  nunber of u n s t a r t s  as a f u n c t i o n  of 

two of t h e  p a r a n e t e r s ,  The s t a b i l i t y  of the system was f a c i l i t a t e d  

- 
- /  

by having a pole-zero excess  of two which r e q u i r e s  t h a t  t h s  feedback 

cozpensator  have more ze ros  than poles .  The r e q u i s i t e  number of 

p o l e s  could be added  t o  when the cor.ipensator is a c t u a l l y  b u i l t  at 

-- 

c----4. 

an a p p r o p r i a t e l y  high frequency. 

The next s e c t i o n  includes a d i scuss ion  of e s t i m a t i o n  of the 
. ."I__.I. -------- 

output  matr ix  vhen  n o i s y  measurements r3re made of bo th  the  states 

and t h e  output .  3:>rmal l e a s t  squares e s t i m a t i o n  r e s u l t s  i n  an 
___-._ .. . 

e s t i m a t e  which has a f i x e d  e r r o r  even for a Parge nuxber of neasure- 

n e n t s .  This  b i a s  car? be removed by nodifyini t h e  ob jcc r ive  funct isr?  

i 



- 

and then l i n e a r i z i n g  the r e s u l t i n g  eq-aations for t he  e s t i n s t e s  of t h e  

ou tpu t  n a t r i x .  

alsc is i t e r a t i v e .  

The r e s u l t i n g  e s t i m a t e  i s  not  only l i n e a r  but i t  

T h a t  is, a new es t ima te  can be made as  more 

ncasu renen t s  are taken without having t o  store a l l  the past  v a l u e s  

of t he  s t a t e  and o u t p u t ,  

The f i n a l  s e c t i o n  i s  a d e t a i l e d  n a t h e m t i c a l  i n v e s t i g a t i o n  

the p r o p e r t i e s  of a u n i f o t n  randoin sea rch  f o r  th2 mximum of a 

func t ion  of s e v e r a l  parameters.  A s  the  f i n a i  page p o i n t s  out, 

in the  absence of some r e g u l a r i t y  t o  the f m c t i o n  i n  the  search 

. . -- - - --- _" - 

-----cI----c-- 

_ _  

of 

r eg ion  only a very close inspection of t h e  fuiiction w i l l  s u f f i c e .  I n  

t h i s  nost d i f f i c u l t  s i t u a t i o n  i! random search w i l l  do t h e  job.  202 

w e l l  i t  can 60 t he  job i s  thoroughly explored i n  both t h e  case of 

exact  and noisy measurements of t h e  function. 

T. L. W i l l i a m s  

i i  
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0PTIYbI.L CONTROL OF LINEAR SYSTEMS WITH TIME DELAY, 
P W T  NOISE AE\TD OSSERVATXON NOISE 

The fol lowing paragrzphs develop a n  optimal c o n t r o l  f o r  a l i n e a r  

system whose measured ou tpu t  i s  a delayed l i n e a r  combination of the  

system s t a t e s  under a q u a d r a t i c  perfonnance index. I t  inc ludes  the 

e f f e c t s  of p l a n t  and obse rva t ion  noise .  The optimal c o n t r o l  is 

generated by a cascade combination of a Kalman f i l t e r ,  a l i n e a r  

p r e d i c t o r  and an optimal con t ro l - l e r .  

was done by Kleifiman. 

The bzsis f o r  much of t h i s  work 

. 411  

It is assumed t h a t  the p l a n t  i s  time-invariant and may be 

expressed by : 

- G ( t )  = Fx(t) + Cu(t) f w ( t )  (1) 

z ( t )  = H x ( t  - 'r) c V ( t  - %) (2) - -  
where w ( t )  i s  the p l a n t  no i se  and v ( t )  i s  t h s  measurement n o i s e  w i t h  

t h e  fol lowing a u t o c o r r e l a t i o n  func t ions  

, E[v( t )v ' ( a ) ]  R b ( t  - C r )  (4) 

The no i se  w ( % )  i s  presumed s t a t i s t i c a l l y  independent from the no i se  

v ( t ) .  The system i s  shown i n  b lock  diagram form i n  Figure 1. The 

opt imal  c o n t r o l  of the p l a n t  is achieved i n  t h r e e  steps.  

1. The optirnal e s t ima te :  $ ( t  - 'r) from z ( t )  

2. The pptimal p r e d i c t i o n :  ?(t) from G ( t  - 7) 
3. The optimal c o n t r o l :  u ( t )  from z(t)  

There will be some feedback between the blocks i n  Figure 2, bu t  the 

diagram shows the e s s e n t i a l  form of the s o l u t i o n .  
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The s o l u t i o n  i s  ach'ieved by cons ide r ing  p l a n t s  w i t h  t h e  fol lowing 
i ~- 

a - 
c h a r a c t e r i s t i c s :  - 

1. . 'Linear  system w i t h  ou tpu t  z ( t )  = q(t)  - (This y i e l d s  the 

opt imal  c o n t r o l l e r  i n  Figure 2) .  

2.  Linea r  sys-tern w i t h  delayed output  z ( t )  = x ( :  - T). (This 

y i e l d s  the  optimal p r e d i c t o r  w i t h  the same c o n t r o l l e r  stchieved 

- i n  (1)). 

3. Linea r  system wi th  delayed output  and measurement no i se  

z ( t )  = Hx(t - T) + v ( t  - -c). This  y i e l d s  t h e  opt imal  e s t i m a t o r  

with the same p r e d i c t o r  as (2) and the sans c o n t r o l l e r  as  (la, 

I. L inea r  System w i t h  Output z ( t )  = x ( t ) :  

Wi+h t h e  p l a n t  equat ions:  

i ( t )  = Fx(t) f C u ( t )  3- w ( t )  

z ( t )  = x(t) 

I t  i s  d e s i r e d  to minimize t h e  q u a d r a t i c  cost  f u n c t i o n a l  
m 

_. J ( u )  = E{ l i r n  T / ' [x( i - )  ' A x ( t )  f u ' ( t ) & ( t ) ] d t )  

T-xa 0 

(2 I - -  
The s o l u t i o n  t o  t h i s  problem i s  well-known 

U * ( t )  = S ( t ) C ( t / t )  

where S ( t )  = -E-lC'kT(t) 

where W ( t )  is the  s o l u t i o n  to the X a t r i x - R i c a t t i  equat ion 

6(t) = -F'W(t) V ( t ) F  C W(t ;CB- ' c 'W( t )  - A 

The value of t he  performance index is 

J(ua) = t r a c e  { W@ 

The s o l u t i o n  i s  shown i n  Figure 3. 
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I 

Figure 3. Optimal Control. of Plant  w i t h  no T i n e  
Delay and no Measureant Noise 

. 
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11. g i n e a r  System w i t h  Output z ( t )  = xct - r )  

The p l a n t  and output  equa t ions  are now. . 

G ( t )  tf Fx(t) + Cu(t) i- w ( t )  - (12) 

z ( t )  x ( t  - 5 )  (13) 

X t  is d e s i r e d  to defermine the  optimal c o n t r o l  u ( t )  t o  minimize 

t h e  same q u a d r a t i c  cost func t iona l  (7) as above. This is done by 

i n v e s t i g a t i n g  the p r e d i c t i o n  process:  

2 ( t )  = E[x(t)[z(cf), 0 2  t} (14) 

I n  o r d e r  to  gene ra t e  P ( t > ,  no te  t h a t  since 

t ( t )  = x ( t  - 5 )  

tha t  i ( t )  * i ( t  - 'I) 
or G ( t )  = i ( t  + r )  

S u b s t i t u t i n g  i n  the equat ions (12) and (13) : 

or J 

s ( t )  = Fx(t) + Cu(t )  f w ( t )  

i ( t )  = i ( t  - 'I) 
= Fx( t  - T) f Cu(t  - Z)  + w ( t  - T) 

i ( t )  F z ( t )  f Cu(t - 5 )  + ' w ( t  - T) 

Since the  c o n t r o l  i npu t  u ( t )  is a d e t e r m i n i s t i c  process,  and s i n c e  

the system i s  l i n e a r ,  we def ine  z (t)  t o  be the  c o n t r i b u t i o n  of z ( t )  
U 

due t o  u ( t ) .  

z ( t )  = zU( t )  + r(t) 

uhere r ( t )  i s  the c o n t r i b u t i o n  of z ' ( t )  due t o  no i se .  (17) may then 

be r e w r i t t e n  

;(t) = F[zu(t)  + r(t)] + Cu(t - T) f w(t - r )  (19) 

(19) may, i n  turn,  be w r i t t e n  a s  two independent equa t ions  
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where (20) r e l a t e s  d e t e r m i n i s t i c  i n p u t s  and ou tpu t s  and (21) re lates  

noisy i n p u t s  and-outputs .  

t h e  l i n e a r  system. From (14) ,  

This  s e p a r a t i o n  i s  poss ib l e  because of . 

- 
s ince  x(t) - z ( t  + 7 )  - z U ( t  + z) f r( t  + ‘F) 

g ( t j  = E{Z ( t  + ‘I) + r(t + T)[z(cI) ,  Q 5 t} 
U 

then  - E{z ( t  + T ) [ z ( G ) ,  U L < t) f Eir(t + T)lz(o) ,  0 2 d 
U 

= zU(t + 7 )  + E { r ( t  f ‘I)I~(U), CT 5 t) (22) 

The second term of (22) becomes 

FT 
E{r*(t + 711 r(a), Q 5 t}= e r ( t )  

s i n c e  (t) i s  whi te  no ise .  13’ Therefore  (22) becones 

FT 
(23) S(c) = z u ( t  + TI + e r(t) 

From the  d e f i n i t i o n  of x( t )  given i n  (14) ,  

x^(t) = E{x(t) Iz(.>, 0 5 t}  (14) 

we have generated x^(t), the l e a s t  mean-squared e r ro r  p r e d i c t i o n  of 

x( t ) .  The impleuentat ion of (23) is shown i n  Figure 4. As i nd ica t ed  

in Figure  4, t h e  opt imal  c o n t r o l l e r  remains t o  be determined. 

we develop the  appropr i a t e  system equat ions .  

F i r s t ,  

Taking t he  d e r i v a t i v e  

o f  both s i d e s  of (23) r e s u l t s  i n  . 
G(t) = g u < t  + +- e FT ;(t) 

S u b s t i t u t i n g  from (20) and (21) i n  ( 2 4 ) :  

H ( t )  = FzU(t  + T) + Cu(t) + eF‘I(Fr(t)  f w(t - ‘I)] - (25) 

S u b s t i t u t i n g  from (23) f o r  z (t f r), . 
U 

(26) 
FT 

i ( t )  = Fx(t) - Fe r(t)  + Cu(t) -F eFTFr(t )  f eFrw(t - T) 

Fr FT Nothing t h a t  Fe = e F, (26) becanes 

kt) Fx^(t) + C u ( t )  + eF’w(t - 5) (2 7) 

The opt imal  c o n t r o l l e r  f o r  the  system expressed by (27) i s  

deterrained by the  minimizat ion of t he  quadra t i c  c o s t  f u n c t i o n a l  ( 7 ) .  
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c Ete ( t )*&( t ) )  i- E t e ( t ) ' A e ( t j )  

= E{R(t) '&{t) + E(e(t)  'Ae(t))  (2 8)  
-. . 

Since E{S( t ) ' e ( t )}  = E ( e ( t ) ' x ( t ) }  = 0 when $(E)  is the  l e a s t  mean 

square e r r o r  e s t i m a t e  of x ( t ) .  

in terchange of 1im{'  

Hence J(u) can be w r i t t e n  (assuming 

and E {. 1 o p e r a t o r s ) .  

T 
J(u) = l i r a  [ E{ [e ( t ) 'Ae( t )  + $?(t)'Ai?(t) + u ( t ) ' B u ( t ) ] d t ) ]  (29) T 

0 
T- 

Since only  the l a s t  two terms depend on u, (the f i r s t  term i s  minimized 

by the p r e d i c t i o n  process) i t  is only necessary t o  minimize 

T 

where 9 0 )  i s  generated by: (27) . 
(27) 

FT 
X (̂t) = F?(t)  f C u ( t )  4- e w ( t  - T) 

We note  t h a t  (27) is of the  same form as the  "no deiay" p l a n t  

equa t ion  ( 5 )  .. . 
a ( t )  = Px(t)  9 Cu(t) f w ( t )  

FT except t h a t  w(t) is replaced by e w(t - T). The o p t i n a l  c o n t r o l  

s o l u t i o n  i s  t h e r e f o r e  of the san?e form as t h a t  generated by (8) and (9). 
__ 

u ( t )  a? S ( t ) Z ( t I t )  ( 8 )  

S ( t )  = -B-lC'L!(t) (9) 

Note, however, t h a t  t he  value of t h e  Performance Index i s  no longer  

the  sane. I n  fact, i t  is dependent on the tire delay and can  he 

shown t o  be f l l  

FT F I T  J(u*) = t r a c e  (A eF$eF''dO) f t r a c e  (We Qe 1 
0 
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111. The Noise-Time Delay Problem 

C o n s i d e r  now t he  system descr ibed by (29) and (30) 

.%( t  - T) = Fx(t - 'I) 3. Cu(t - T) c w ( t  - 5 )  (29) 

z( t )  = Hx( t  - 7) + V ( t  - T) (30) 

Let ~ x^(t - 'E) = E h ( t  - 7) Iz(a), '0 ..- < tl (31) 

be t he  l eas t  mean-squared e s t i m a t e  of x ( t  - 'E) based on the observa- 

t i o n  of z ( q ,  05 t .  

The s o l u t i o n  to t h i s  problem i s  well-known"] and is a slight ' 

modi f i ca t ion  of t h e  Kalman f i l t e r  which inc ludes  the e f f e c t  of a 

d e t e r m i n i s t i c  c o n t r o l  u ( t ) .  Solv ing  (32) for P ( t ) ,  the e r ro r  

covariance ma t r ix  

c(t) 'f; FP(t) 4- P(t)R'  - P(t)H'R-'W(t) + Q (32) 

The s o l u t i o n  f o r ' g ( t  - T) i s  given by 

- -  The implementation i s  shown i n  Figure 5, where E i s  the steady- 
_- 

s t a t e  s o l u t i o n  of (32). - -  

To determine ~ ( t ) ,  cons ide r  the quadratic c o s t  Eunctional (7) 

modified to i nc lude  the  e f f e c t  oE t he  tine delay 

T 
f ( u )  .z l i m  E{ \ [ x ' ( t  - r)Ax(t - 5 )  + u ' ( t  - f ) B u ( t  - . r ) ] d t )  ( 3 4 )  

w T  5 

As before,  l e t t i n g  x ( t )  = ^x(t) f e ( t ) ,  (34) bccows - 

T 1 
T J(u)  = l i m  - (E [ e ' ( t  - r )Ae( t  - 'i) + S ( t  - . r)$M(t - 5 )  

T T-Ko 

f u'(t - ~ ) B u ( t  - ~ ) ] d t }  (3f;) 

Once agaln,  e ( t )  is independent of u ( t )  and fo r  all t ,  E{e'(t)Ae(t)} 

i s  at  an abso lu te  minimum and i t  can  be shown'" t h a t  
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Since (35) is evaluated fn the lidt 8s T goes to 03 it may 

be expressed equivalently as, 
T 

lirn E{ I [$!:)'A2(t) + u(t)'Bu(t)Jdt) C36) T 
a T- 

Substituting (30) in (33) for z ( t )  

A x(t - 'I) P F%(t - f )  + Cu(t - r) +sit - T)H'Zol[Hx(t - T) 
f v(t  - t) - HSi(t - T)I  (37) 

and that e( t )  = x(t )  - G ( t )  and using the steady s ta te  value of P ( t )  

$(t) = F?(t)  f C u ( t )  +%tR*l(He(t) -+ v ( t ) l  (38) 

Wonham has shown l5)that the process 

PB'R-+He(r) +- v(t ) ]  (39) - 
is a white noise process with covariance merix Q 

- *  
t - Q) E Efq(t)q(t)'l - P H ' R % F q t  - a) (40 )  

Therefore (38) can be written 

(41) A 
~ ( t )  = F2(t) + Cu(t) + G ( t )  

Recalling that the cost  function to be minimized (36) bears the 

saue relationship to (41) as in the previous cases, the optimal 

.control  is once again the same as expressed by (8) and (9). 

The value of the Performance Index ii once again different, 

however, and can be shown to be I13 
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$a bumx3ry, the Kalnan f i l t e r  is used to  generate, a t  time 

t, ^x(t - f).  

S(t).  

The linear predictor operates on g ( t  - ‘t) t o  generate 
c 

The optimal cont ro l le r  then operates on 5?(t) t o  generate 

u*(t).  The total  systea; is shovn in Fignre 6 .  

.- 
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APPENDIX 

APPLICAT'ICli OF OPTIb'alL CONTROL THEORY TO 
JET ENGIKE PROBLM 

, 

The resuits of the preceding s e c t i o n  provide an optimal control 

policy for the jet  engine whose transfeb function i s  shown i n  block 

diagram in Figure 1. 'The plant transfer-functions G l ( s )  and G2(s) 

are expressed in (1) and (2) below: 

L2 BYPASS DOOR DYNMIICS 

- ,004s e 

To reduce computation time e n d  coinplexity i t  was decided to 

ignore, for the present ,  the bypass door dynemics, Gl(e), and to  

determine the optimal control  of the p l z n t  represented by G2(s) 

alone.  Once the control for G2(s) is known, i t  i s  then poss ib le  t o  

e i t h e r  u t i l i z e  the poles  of G,(s) if they fall d o s e  t o  the poles 

i n  the desired feedback transfer function H ( s ) ,  or cancel the poles 

of G (9) if they occur at unwanted locations. 1 

Thus the plant to  be c o n t r o l l e d  is  described by (2) .  The 

general form of the two fac tors  of (2)  is given by (3) end shown. 

. i n  block dingran in Figure 2. Figure 3 s u b s t i t u t e s  the appropriate 

numerical values as received f ron Lewis.. 
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The block diagram showing the  optimal control  of such a plant 

i s  given i n  Figure 6, page 14 of this report.  

requires  the determination of W(t) as defined i n  q u a t i o n  ( lo) ,  
page 4 and P ( t )  as defined i n  equation (32)' page 10. 

Note that  the  so lu t ion  

Both (10) 

and (32) involve so lu t ion  of in tegra l  type equatsons. The first 

attenpt  to solve d i g i t a l l y  for W ( t )  and P ( t )  a one srep approxima- 

tion was used 

- .  ' U ( t  + A t )  = W ( t )  +- k( t>At  (4 1 

and 

P ( t  + A t )  = P ( t j  + S.ct)ht ( 5  1 

Because of d i f f i c u l t i e s  encountered i n  actiievfng convergence, a 

five-point Runga-Kutta routine wzs iraplernsnted. Once again great 

d i f f i c u l t y  was experienced i n  obtaining convergence as well 8s 

excessive computation t i n e .  

A decision was then pade to solve the equfvalent discrete 

time est imation 2nd control  problems. 

re lat ionship  between the  discrete-tine solutions and the continuous 

The exis tence  of a functional  

time solutions suggested the p r a c t i c a l i t y  of t h i s  epproach r 4 1  . 
c Discrete Tine Estination 

The so lu t ion  to d i scre te  tivie estimgtion 56 achieved by iterative 

so lu t ions  of ( 6 ) ,  ( 7 )  and ( 8 ) .  These equations are given i n  

W e d i t ~ h ' ~ ~ ,  page 374. 

I((k4-1) = P(k+l lk)H'  (k-t.1) [ l i(k+l)P (\c-+lfk)H' (k-kl) 4- R(k+-l)]-' (6) 



P(karpd-1) - [I - 
vi th P(010) = 

The discrete model of the  p lant  

described by 

and measurement processes i s  

and 

A typical coaputational cycle proceeds as follows: - 

1. Given P(kIk),  Q(k), Hk+l,k) and r(k+3,k),  P W l l k )  Ls 

coqutcd  using (7). 

P ( k + l l k ) ,  H(k+l) and R(ki-1) are then substituted into (6) 2. 

to obtain ic(k-f-1). 

3. P(k+llk), K(k4-1) and H(k+-1) are s u b s t i t u t e d  i n t o  (8) t o  

obtain P (k+l I k-bl). 

The cycle is then repeated. 4 .  

I t  can be shown t h a t  

This f a c t  was w e d  by dividing by A t  the final value of P ( e I t )  

obtained by the t t e r a t i v e  proress.ebove and substituting that result  

as i n i t i a l  conditions on P ( t )  in equation (32), page 10. 

vas then e e s l l y  obtained for  P ( t )  in the cont inuous Case. The 

resulting P ( t I  t) for discsete t i ne  solution using t i n e  increments 

of O i l  rnil l i6ccond was w i t h i n  2% of t h e  continuous time solution - * 

s h m  i n  Table 1. 

Convergence 
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Cornprison of Discrete Estination vi th Continuous Estination 

(Q.a .05, R .001) . -  - 
3 

Discrete Case (5t .oOOl. second) S t e a d y  S ta te  r 1.36944E+02 3,89223E-02 * .  -1.51184s-027 

Continuous Case- - 
9.78381EM2 -1.54231E+02 

1.03177E.i-Oi 1.39888E-i-00 

-l..54231E+O2 1.39888E-t-00 3.39813E-01 .. 

R ( t )  1,39868E-t.03 . 



i 
W t e  T i n e  C q n t r o l  

A cjirailar approach was used for aolving for U(t)  in t 

- , 22 

control equation (lo), page 4. 

The discrete time equations to be solved ftersrively are ( 9 )  

sad (10) 

The discrete mdel of the plant  and measurertent processes now include 

the effect of control and are given by 

x(k.3.l) = @(k+l,k)x(k) + r(k+l,k)w(k) 4 Y(k-kl,k)uOc) (1.1) 

'z(kC-1.l) = H(k+l)x(k+l) 9 v(k4-l) (12) 

The perfomncc masure J is quadratic of the form N 

Equations (9) and (10) ere Solved "backward" in time. That is, 

solution is obtained for S(N) -+ W(N) * S (N-1) + V(N-1) + S(N-2) . . . 
S(N) + R ( 1 )  + S(0). A typical  solution curve for a oae-state 

- 
problen is shown in Figure 4, It was observed that  

The steady s t z t e  vaJ.ues of t h e  elenents of W ( e + A t ) A t  were then 

subst i tuted i n  ths  opt iaal  control eqslation (10) in continuous tine. 

Ot?cc again convergsnse vas e a s i l y  cbtained and results are tabulated 

in Table 1, 

In suzmary, the d i s c r e t e  time estlnation and cont ro l  problems 

were solved to  avoid convergence problems encountered in sofving 
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the continuous t ime case. 

then substituted in the  contimaus tire equations and S O l U C i G n S  

obtained. 

Values obteltned f o r  V( t )  and P ( t >  were 
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c 

Table 2 

Coqarison of.Discrete Cont ro l  and Continuous Control 

- Discrete - -  Case ( A t = :  J-tSteadyte 

2.14493.E-05 5.X0425E-03 

5.10425S-03 2.08104E+OO 8.77318E-bOO 

2,60397E-02 :- 8.77318E-S-00 5 *  55050E+01 
disc w 

J 
-2.84938E-04 -6.72419E-02 -3.4429l.E-02 %isr 

a . 14420E-09 5.l0639E-07 2.603S6E-06 

a 5,10039E-07 2.08096E-04 8.77395E-04 I CORt 
u 

60386E-06 8.7739-5s-04 5.50037s-03 
4. 

P -2.85176E-04 -6.78352E-02 -3.46312E-01 con t S 
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. R. T. S t e f a n i  

I n t r o d u c t i o n  

The .basic  problem i s  t o  select  the feedback c o n t r o l l e r  f o r  t h e  

system i n  Figure 1 i n  such a way t h a t  the fol lowlng o b j e c t i v e  f u n c t i o n  
. 

is minimized 

J 

_ToL 2 
A ”  

0 

I n  the  above, A i s  the expected number of u n s t a r t s  pe r  second, y 

r e f e r s  t o  the  shock wave p o s i t i o n  (x ) which i s  comanded t o  be ze ro ,  S 
and TOL i s  t h e  to l e rance .  Th i s  r e p o r t  d i s c u s s e s  the computation of 

A,  t h e  s o n s t r a i n t s  on t h e  feedback c o n t r o l ,  and the  r e s u l t i n g  des ign  

of  a feedback c o n t r o l l e r .  Two des igns  are  presented:  one where t h e  

feedback c o n s i s t s  of a. g a i n  term and .two real  z e r o s  and a second 

des ign  us ing  a ga in  term, t h r e e  real  zeros ,  and o x  rea l  pole.  

C a l c u l a t i n g  1 

I n  order t o  c a l c u l a t e  ( f o r  the purpose of e v a l u a t i n g  the 

e f f e c t i v e n e s s  of any candidate  feedback c o n t r o l l e r )  one must o b t a i n  

2 
CI and U. t he  mean square  e r r o r  terms. Le t  us cons ide r  the . - Y Y ’  

2 e v a l u a t i o n  of Cr . Hence, we wish t o  c a l c u l a t e  
Y 
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I n  o r d e r  t o  calculate  t h i s  var iance ,  l e t  us make use of t h e  power 

s p e c t r a l  d e n s i t y  which i s  the  Four i e r  t ransform of the au tocor re l a -  
/ 

Pion of y ( t  + Tl and y ( t ) .  

s ( w )  = Four i e r  t ransform of ~ ~ { y ( t + ~ ) y ( t ) f  6 R (T) J YY YY 

Sf S (a) is a v a i l a b l e ,  then CJ fo l lows  d i r ec t ly  s ince  
YY Y 

00 

Suppose we redraw Figure  1 i n t o  t h e  form shown i n  Figure 2, thus  

using t h e  supe rpos i t i on  of t he  s i g n a l s  v and w f o r  t h i s  l inear  

. s y s t e m  t o  o b t a i n  the response of y f o r  zero i npu t .  Employing convo- 

l u t i o n  i n t e g r a l s ,  one may ob-tain S (w) fron Figure 2 
YY 

For t he  c u r r e n t  problem, v and w a r e  uncor re l a t ed  whi te  no i se s ,  

hence S 

Using t h i s  s t a t i s t i c a l  knowledge, 0 

(w) = SW(u) = 0 and S 
W vv (w) and Sw(w> are cons t an t s .  

c& be eva lua ted  fro; ( 4 )  and 
Y - 

- 00- -00 

I t  i m e d i a t e l y  follows f ro= Figure 2 and (6) t h a t  

* .  . 
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Letting s = jw, one can evaluate (7) by determining H h (s) and H 2 (s) 

from Figures 1 and 2, knowing C,(s), G2(s), and H ( s ) .  One simply 

substitutes the correct polynomiel of s into the following where 

the subscripts N and D refer to -numerator and denominator polynomials. 
* 

- 'D GID G 2 N  

HZ - HD G I D  G 2 D  + KKs HN '1N G 2 N  

Constraints on the Feedback Controller 

The effectiveness of any feedback controller selection is 

2 determined by evaluating Xwhich, in turn, requires evaluating Q 

and a b 2  using ( 6 )  and (7). 

integrals, it must be true from ( 6 )  that the numerators of H1 end 

Y 
In order to evaluate the required 

Y 

H are at least one order less than the corresponding denominators. 2 

2 
I t  nust sircilarly be true from (7) that the numerators of H and H 1 

_. 
are at least 2 orders less than the corresponding denominators. 

For both ( 6 )  and (7) to be calculable, the latter requiremenr must 

hold. The order of the polynoxials in (8) are 



Polynomial 

IN 

GID 

‘2N 

“ZD 

5-4 

Order 

. . -. . 0 

2 

. _  3 

. OHN 

0 
HD 
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Hence H and are, for the moment, of unknown order. If the order 

of the numerator of H is at least 2 less than the denominator, then 

from ( 8 )  and (9) 

N 

1 

That is, upon simplifying 

Similarly, if the order of the numerator of H 2 

than the denominator, from (8) ahd (9) we have 

is at least 2 less 

[ (0 + 3) - (0 + 5)3 5 - 2  
HD HD 

which obviously holds for any order of K 

candidate feedback controller can have a zero over poles excess of 

We conclude that any D’ 

no more than 2 .  Furthermore, the p o l e s  of (8) must all be in the 

l e f t  half plane. Using root locus considerations we note that the 

number of o?en l o o p  poles  is 5 + 0 while the number of open loop 
HD 

zeros is 1 + 0 . Hence, the pole  over  zero excess is 4 + (0 - 0 ). 
HN HD HN 
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I f  we wish t o  i n s u r e  t h a t  t h e  c losed  loop p o l e s  a r e  a l l  i n  t h e  l e f t  

h a l f  plane f o r  any g a i n  choice,  we can do  so by s e l e c t i n g  the  

maxinun z e r o  over  po le  excess  for t h e  feedback c o n t r o l l e r  t h u s  pro- 

v i d i n g  a n e t  open loop pole over z e r o  excess  of 2 .  

a 90 

p lane  by p rope r ly  choosing t h e  feedback c o n t r o l l e r  p o l e s  and zeros. 

That is 

The r e s u l t  is 

0 asymptote whose r e a l  c r o s s i n g  may be kep t  i n  the l e f t  h a l f  

-- 
' 

- -  - ---_ - .  . -  ._- 

- . -  .- -. . 
1 - { C  2 r e a l  p a r t s  of po le s  of  G ID' G2D o - > real axis c r o s s i n g  = 

.. zero of GZN + ze ros  of % - C z e r o s  of %I (12) 

F igu re  3 c o n t a i n s  the  s e l e c t e d  t r a n s f e r  f u n c t i o n s  f o r  G and G2. 

The r e s u l t  of u s ing  the  t r a n s f e r  f u n c t i o n s  of Figure 3 w i t h  (12) i s  

1 

the  i n e q u a l i t y  

% - 2 zeros of < 7 1 7  rad./sec. (13) C zeros of - 
From t he  above discussiol i  

OHN - OKD = * 
F i n a l l y ,  t o  i n s u r e  t h a t  no locus  m y  r e s u l t  i n  a r i g h t  h a l f  plane 

po le  

z e r o s  o f  HD2 0 

zeros of H C 0 N -  

I n  surmary ,  (13)-(15) p r o v i d e  c o n s t r a i n t s  on the  feedback c o n t r o l l e r  

such t h a t  the r e s u l t i n g -  sys t em i s  s t a b l e  and the t r a n s f e r  function's 

n and H have nune ra to r s  of o rde r  2 l e s s ,  than the denominators a l l  

of which are  necessary such t h a t  t he  o b j e c t i v e  func t ion  X may be 

1 2 

c a l c u l a t e d .  

-. 
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Obta in ing  the  O p t i m a l  Feedbzck C o n t r o l l e r  

- I n  o r d e r  t o  o b t a i n  the  optimal f e e d b a c k  c o n t r o l l e r ,  two problems 

m u s t  be considered.  The f i r s t  p rob len  is c a l c u l a t i n g  t h e  o b j e c t i v e  

f u n c t i o n  X while  the  second problem i s  va ry ing  the feedback parameters  

. such t h a t  t he  opt imal  (minimum) va lue  of X i s  achieved. 

C a l c u l a t i n g  X i s  discussed i n  the l a s t  two s e c t i o n s .  One must 

s o l v e  ( 6 )  and (7) where H and H a r e  def ined i n  (8). A subrou t ine  1 2 
INTSQ is used t o  e v a l u a t e  i n t e g r a l s  of the f o m  

F ( ja) F ( - j w) d j w  
1 

INTSQ i s  d i scussed  i n  the  appendix. If c o n d i t i o n s  (13)-(15) are 

met, then F ( j w )  i n  (16) s a t i s f i e s  the requirements of INTSQ. 

The p rob leu  of va ry ing  the  p a r a c e t e r s  t o  optimize 1 i s  solved 

by us ing  a sub rou t ine  designed f o r  one func t ion  of t w o  v a r i a b l e s .  

Since t h e  problem a t  hand t r e a t s  more than two v a r i a b l e s ,  a t  each 

s t e p  i n  the p rocess  a l l  bu t  two v a r i a b l e s  m u s t  be f i x e d  while  t h e  

. remaining two are v a r i e d .  The subrou t ine  is PLOT3D, SO named 

because a t h r e e  dimensional p l o t  i s  obtained, t h a t  is, a p l o t  of  

t h e  f u n c t i o n  v e r s u s  tw.0 independent v a r i a b l e s .  To u t i l i z e  P L O T ~ D , .  

100 v a l u e s  of  each of the two v a r i a b l e s a r e  s e l e c t e d  and the o b j e c t i v e  

f u n c t i o n  i s  eva lua ted  a t  a l l  10,000 conb ina t ions .  The subrou t ine  

q u a n t i z e s  the d a t a  i n t o  26 l e v e l s  of ascending magnitude, 

then p r i n t s  o u t  a 100 by 100 a r r a y  of l e t t e r s  A - 2 .  

and v e r t i c a l  a x e s  r e p r e s e n t  t he  independent v a r i a b l e s  while  t he  

l e t t e r s  r ep resen t  the magnitude of the o b j e c t i v e  func t ion .  I n  . 

PLOTPI) 

The h o r i z o n t a l  

essence one has a contour  p l o t  of the f u n c t i o n  over t he  s e l e c t e d  

parameter range. OiIe car! then s e l e c t  the optimal va lue  i f  i t  i s  
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- - i n t e r i o r  t o  the  p l o t  or make a judgment from the  contours  as t o  - .  ~ - -  
--. . 

what new parameter range i s  r equ i r ed  t o  ob ta in .  t he  opt imal  va lue .  . _ .  -- - .  

- I n  Figure  4 a gene ra l  block diagram of the  computer program i s  

shown. 

feedback p a r a m t e r s .  

The program must be given v a l u e s  for a l l  bu t  two of the 

Then, 100 v a l u e s  z r e  s e l e c t e d  f o r  each of the  

o t h e r  two parameters.  UNSTART i s  c a l l e d  t o  e v a l u a t e & .  -The sub- 

r o u t i n e  USSTART, i n  tu rn ,  calls INTSQ t o  e v a l u a t e  ( 6 )  and (7), 

e v a l u a t e s  X from (1) ,-and r e t u r n s  X t o  the  main program. When a l l  

10,000 va lues  have been obtained,  PLOT3D is c a l l e d  t o  f u r n i s h  the  

- -  

I 

100 by 100 contour  p l o t  of t h e  func t ion .  
. - .  . .  

Once the  opt imal  feedback parameters  a r e  a v a i l a b l e ,  
- -  

determine the  c losed  loop po le s  by us ing  a roo t  so lv ing  - . .. 

one can  

scheme. 
. .  

_Plan of A t  t ack-  f o r  .the UNSTART Problem 
- - -  

The fo l lowing  plan of a t t a c k - w a s  used f o r  the u n s t a r t  problein, 

-- 

A feedback c o n t r o l l e r  c o n s i s t i n g  of two z e r o s  and a g a i n  was s e l e c t e d  

f i r s t .  - 
-. 

-c -_._ . H(6)'  = K ( s  -1- a) (s  i- b) 
i ;  

The parameter b was f ixed  while 8 and K were v a r i e d  t o  o b t a i n  - - ._ 
an optimal  K. 

were v a r i e d  t o  o b t a i n  opt imal  choices .  Next a and b were f ixed  a t  

the  r e s u l t i n g  opt imal  va lues  and a new opt imal  K was chosen. 

the  new opt imal  K was used t o  o b t a i n  a new opt imal  a,b p a i r .  

two c y c l e s  of  computation were made. 

Then K was f i x e d  a t  the  r e s u l t i n g  opt imal  and a and b 

F i n a l l y ,  

Hence 
- - .  

The c losed  loop p o l e s  were then 

obta ined  f o r  t he  r e s u l t i n g  va lues  of I(, a, and b. 

A second feedback c o n t r o l l e r  was considered 

K ( s  f a ) ( s  + b ) ( s  + ' c )  
s + d  



The p rev ious ly  s e l e c t e d  va lues  of  K, a, and b were used. 

c and d were v a r i e d  andan opt imal  p a i r  was found. 

c l o s e d  loop p o l e s  were obtained. In  regard t o  (17)  and (18) i t  is 

necessary t o  s a t i s f y  (13)-(15) so t h a t  a l l  i n t e g r a l s  c a l c u l a t e d  by 

Parameters 

Th$ r e s u l t i n g  
' 

subrou t ine  INTSQ are v a l i d  and so t h a t  t h e  r e s u l t i n g  s y s t e m  i s  stable.  

In terns of t h e  parameters  a, b, c, and d, one must have, t o  s a t i s f y  
- .  

a, b, c ,  d > 0 - 

Optimal Feedback C o n t r o l l e r  ii(s) = K(s + a)(s f b) 

The procedure d i scussed  above was used t o  e v a l u a t e  opt imal  

v a l u e s  f o r  K, a, and b .  With b a r b i t r a r i l y  f i x e d  a t  23, a p l o t  w a s  

made of  the con tour s  of J, f o r  v a r i o u s  v a l u e s  of K and a as shown 

in Figure 5 f o r  exponen t i a l  v a r i a t i o n s  of K and a. There are two 

i n t e r e s t i n g  p o i n t s  r ega rd ing  Figure 5 .  

g a i n  s e l e c t i o n  i s  c o n s t a n t  over  a l a r g e  range of a:  A S  a r e s u l t  

K = Kl ~ 8 . 8 4  x IOo6 was s e l e c t e d .  The second i n t e r e s t i n g  p o i n t  

r e g a r d s  the  r idge .  T h i s  r i dge  is, i n  e f f e c t ,  a s t a b i l i t y  contour .  

On one s i d e  one c a l c u l a t e s  i n v a l i d  v a l u e s  of X'whereas on t h e  o t h e r  

Note f i r s t  t h a t ' t h e  opt imal  

~ 

s i d e  ( f o r  a s t a b l e  system) one has v a l i d  X values. I f  one ignored 

the  n e c e s s i t y  of main ta in ing  s t a b i l i t y ,  one might be tempted tb 

seek  t h e  i n v a l i d  ninfmun. Furthernore,  t h e  s t a b i l i t y  contour  ( v a l i d  

f o r  various ga in  s e l e c t i o n s )  is l e s s  r e s t r i c t i v e  of a l lowab le  values 

of a than i s  the r e s t r i c t i o n  inposed by (13)-(15) which r e q u i r e s '  
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a , b > O  

a + b < 717 r ad . / s ec .  
. (20) : - 

- 
This occur s  s i n c e  (20) i s  t r u e  f o r  a l l  ga in  values whereas Figure 5 

t r e a t s  s p e c i f i c  g a i n  va lues .  . 

-6 K i t h  K = 8 , 8 6 x  10 contours of X v e r s u s  a and b were ob ta ined  

a s  i n  Figure 6 .  Note a g a i n  the  presence of a r i d g e  which i s  a 

s t a b i l i t y  contour  r e l a t e d  t o  the above ga in  s e l e c t i o n  and which is 

less rest r ic t ive t h s n  (20). The optimal p a i r  a, b was 

a b = 235 r ad . / s ec .  

With a = b = 235 i t  was found t h a t  the optimal value of K was 

@.-9:'Jr.. 10 With K so chosen Figure 6 was repeated w i t h  no -6 . 
change i n  t h e  o p t i k a l  p a i r  a, b. Hence the  optimal parameters are 

a k b  
- -  

The optimal .  o b j e c t i v e  func t ion  

2 
Q =  

Y 
2 Q *-- 5 

Y 

(21) 
= 235 r ad . / s ec .  

and mean square e r r o r s  were 

73.76 u n s t a r t s l s e c .  

The closed loop p o l e s  were (see t h e  r o o t  l ocus  of Figure 7). 

-107 

-239 L + j 2 2 3  

-171 - f 31001 

Assuning t h a t  we l a v e  
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a normal distribution f o r  y and 

w i t h  98Ofo c e r t a i n t y  t h a t  t he  shock wave posi t ion i s  between L4.4 

and us ing  a 5 2Q range w e  can  say 

inches w i t h  a t i m e  r a te  of c h m g e  between t2890 inchas/second. 

T h i s  o s c i l l a t i o n  is probably due t o  t h e  l i g h t l y  damped pole in (23). 

It is n o t  obvious t h a t  a t i g h t  bound on shock wave p o s i t i o n  8t the  

expense of a high v a l u e  of o . ~  f i  as d e t r i m e n t a l  as is i m p l i e d  by 
Y . 

since is d i r e c t l y  p r o p o r t i o n a l  t o  0.. 
Y 

K(s + n ) ( s  + b ) ( s  + cl 
(a  #- d) Optimal Feedback C o n t r o l l e r  H(s) = 

The v a l u e s  of X, 4) and b from (21) were used. Parameters c 

end d were v a r i e d  and t h e  contour  p l o t  of F igu re  8 was obtained.  

Once egain t h e  ridge s e p a r a t i n g  s t a b i l i t y  r eg ions  is less s e l e c t i v e  

than  a p l o t  of (19) which, f o r  a end b chosen above, r e q u i r e s  

c; d > 0 
.- 

The optimal .choice of c and d we& 

E 951 rad./sec. 

1343 rad./sec. 

The r e s u l t i n g  o p t i m l  o b j e c t i v e  f u n c t i o n  and man equere eirors are 

A- = 70.46 Qnstartslsecond) 

.- 

,. . 
.i. 

The c l o s e d  loop p o l e s  were (see the roo t  l ocus  of Figure 9) 

. 
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-101 

-223 + j245 
e 

-243 j 9 3 7  

-1238 

- Although X was reduced soflewhat from (22) by reducing Q ’ i t  is 9 ’  
2 

n o t  clear t h a t  t h i s  des ign  is b e t t e r  s t n c e  t h e  bound 08 Q is now 
Y 

l o o s e r .  

\ 

S-r y 

Optimal feedback c o n t r o l l e r s  were ob ta ined  w i t h  t h e  r e s u l t i n g  

p a r a m t e r s ,  m i n i m ,  and c losed  loop po le s  contained i n  (21)-(23) 

and (25) - (27) .  Sore c o n s i d e r a t i o n  should be given t o  the ec tuab  

. importance of c o n t r o l l i n g  9 s i n c e  y can be he ld  t o  w i t h i n  r easonab le  

bounds. It m y  be of i n t e r e s t  t o  des ign  the deedbsck c o n t r o l l e r s  

t o  minimize 0 as defined i n  (6) r a t h e r  then X chich is def ined  in 

(1) and is d i r e c t l y  p ropor t iona l  too. .  It is concluded also t h a t  

con tour  plots of functions such as l;(snd a lso CT o r  Q ) c o n t a i n  

ridges which a r e ,  i n  e f f e c t ,  s t a b i l i t y  bounderies, henci? care must 

be take0 as  t o  t h e  proper  d i r e c t i o n  i n  which t o  sea rch  f o r  minima. 

Y 

Y 
2 

Y i 
i 
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. 

- Feedback Controller 

Figure 1.  The Basic Control Scheme . 

2 cc- 

Figure 2.  Figure 1 Redrawn to Obtain Q and Q .  
Y Y 
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Clb/sec. / v o l t )  

2 (2x100) 
Ls 

(S + 314.2 + 3544.1) (S + 314.2 - 3544.1) 

G2N x(" -b 210) 

'2D 210 G2(s) = - = 

(sS80) (s2 + (.6) (365) 6 +'36S2) 

U (2*9) ( 8 0 )  (3652) x(s 4 210) 2 10 -..- 
(s+80) (s+-109.4 f j 348.1) (s + 109.4 - j348.1) (in/lb/sec.) 

- - . -  

Figure 3 - Transfer Functions For The Unstart Problem 
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Figure 4 .  Computer-Program Flow Diagram 
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Figure 6 .  Contours of X Versus a and b for F i x e d  K 
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Append i x 

A c losed  form s o l u t i o n  f o r  . the i n t e g r a l  

is presented  i n  t h e  paper  by F. H. Effer tz . '  

form of Equation 4 i n  h i s  paper. 

The s o l u t i o n  t a k e s  t h e  

A b e t t e r  a lgor i thm for t he  compu- 

t a t i o n  of Equation 4 i n  E f f e r t z  i s  presented  in the  correspondence 

by Pszdera2 (Equat ion 7 ' ) .  

has been coded i n  FORTRAN. 

A modified form of Pazdera 's  a lgo r i thm 

The use of Equation 4 i n  E f f e r t z  canlbe b e s t  i l l u s t r a t e d  by an  

example. Suppose we wish t o  eva lua te  the  fo l lowing  

ds ( A 2 )  c o s  
2 

8 + (a+b)s + ab s2 - (a+b)s f ab . -P , 

It can  be shown from res idue  theory that the  c o r r e c t  answer is 

I = .Residue of F ( s ) F ( - s )  a t  s = -a 

+Res idue  of F ( s ) F ( - s )  at  s = -b 
(A31 

where F ( s ) F ( - s )  i n d i c a t e s  t he  f u n c t i o n  t o  be i n t e g r a t e d  over s = j w .  

Then t he  answer is 

c2 -I- ab 
2 ab(a  + b) I E 

To use Equation 4 fron E f f e r t z  we n u s t  wke the  fo l lowing  a s s o c i a t i o n s ,  

using the  complex frequency varia.ble S i n  place of p 



The i n t e g r a l ,  

I 

g(p) = ( 6  + c ) ( c  - = -  s) - .! c 2 .  - s2 

t h e n  p - s 
. .n = 2 

h(p) = s2 + (a f b)s f ab 

- 
for n * 2, 

3-11 
2a0 

P 

8 1 . 2  

a* - 1 
8 1 = a + b  

8 = ab 2 

can  be expressed as 

e -  -1 b082 - bbl - 
2a0 al a; . 

S u b s t i t u t i n g  t h e  correct v a l u e s  p f  a*, al, etc., and c a n c e l l i n g  minus 

s i g n s  for t h i s  prob1en.w o b t a i n  

I 

What is most 

c o e f f i c i e n t s  

poles of the 

2 
I 2 ab(a + b) 

c + ab 

i n t e r e s t i n g  is t h a t  t h e  result depends only on the 

of the  known func t ion  being i n t e g r a t e d  and not  on the  

f u n c t i o n  as one vould suspect from residue theory.  

. I t  has been mentioned that t h e  algorithm f r m  Pazdera (Equation _- - 
7 ' )  has been p r o g r a m s d .  S o w  changes in t he  nomenclature of 

Equation 7 '  were necessary t o  f a c i l i t a t e  coding. Note that t he  
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practice i n  E f f e r t z  and Pazdera i s  t o  make thc h ighes t  numbered 

c o e f f i c i e n t  correspond t o  the  lowes t  power of t he  v a r i a b l e  p. 

also, t h a t  s u b s c r i p t s  such as a,, are i n  evidence.  

coding, the lowest numbered c o e f f i c i e n t  was subsc r ip t ed  i n  the  form 

A(1) and t h i s  c o e f f i c i e n t  was a s s o c i a t e d  w i t h  the  lowest power of 

the variable p, i n  this cese p , I n  general', she .ith c o e f f i c i e n t  

A(1) is a s s o c i a t e d  w i t h  the  (i - l)st power of p, 

the expres s ion  A(0) is not allowed).  

Note, 

To f a c i l i t a t e  

0 

(In FORTRAN 

Note from Equation A 1  above 

v h a t  must be -done to opera t e  on the  func t ion  F ( s ) F ( - s ) .  I f  F ( s )  is 

of t h e  form 

t h e n  the  a l g o r i t h m  suggested i n  both E f f e r t z  and Pazdera r equ i r e  

t h e  use of 

i 

It is more d e s i r a b l e  t o  inpu t  C(S) and A(S) r a t h e r  than C(S)C(-S) 

and A ( S ) .  Consequently one uses t he  INTSQ subrout ine  by coding the  

c o e f f i c i e n t s  of C(S) and A(S) with ascending s u b s c r i p t s  correspond- 

i n g  to ascending powers of S. The subrout ine  provides  the  ope ra t ion  

C(S)C(-S). Furthemore, t he  subrout ine  checks t o  see i f  t he  lowest: 

c o e f f i c i e n t  of C ( S )  o r  A(S) is ze ro  so t h a t  f a c t o r s  of S may be 

e i t h e r  considered o r  cance l l ed .  

by A(S) end C(S) .  F i r s t ,  t he  r o o t s  of A(S) and C(S) must a t  leas't 

Two b a s i c  requirements  must be m e t  

have 3 0 r e a l  par ts .  (Hurwitz polynomial r e q u i r e m n t )  . Secondly, 

t he  h i g h e s t  power of C(S) m u s t - b e a t  l e a s t  one l e s s  than the  h i g h e s t  
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I 
power of A(S) for convergence t o  be assured .  If A(S) is Nth order ,  

one i n p u t s  t he  N-kl c o e f f i c i e n t s  of A(S) and t he  N c o e f f i c i e n t s  of 

The use of t h i s  subroutine INTSQ may be best i l l u s t r a t e d  by an 

exzmple. Suppose we d e s i r e d  t o  e v a l u a t e  the  i n t e g r a l  

dS s + 4  4 - s  
3 2 3 I =  

l is  1- 3s + 2s 4- 1 -4s f 3s2 -2s f 1 -b 

The polynomials C(S) and A(S) as def ined  in Equation A8 are i n p u t  

in t h e  program as 

C(1) = 4. A(1) = 1. 

C(2) = 1. A(2) = 2. 

C(3) = 0 A(3) = 3. 

A ( 4 )  = 4. 

The program then u t i l i z e s  the  modified Pazdera a lgor i thm and p r i n t s  

o u t  t h e  trzssage 

- -  THE VALUE OF THE INTEGRAL IS 12,250 

To check t h i s  mswer,  one can  use E f f e r t z  Equat ion 4 f o r  a t h i r d  

o r d e r  c a s e  (n E 3). 



bo bl . b2 
a 8 0  0 2  

81 
a1 a3-0 

a. a2 O 

Q a a  
2 3  

b a 8 + b2 a. al - a. 83 bl 

el a2 a3 - a. a3 

- -  1 0 2 3  
2 

u -  

2a0 
- -  

For our example problem, the following associations follow 

bo = 0 a. = 4 

bl IJ -1 a1 = 3 

. a 3 =  1 

a = 2  2 b2 = 16 

SO 

Substituting the values of Equation A13 into Equation A12 verifies 

the computers solution 1 6  12.25. 

I 
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UNBIASED STRUCTURAL PARAMETER ESTIPIATION 

R. To S t e f a n i  

Goal of Th i s  Study and Plan  of A t t ack  

The goa l  of t h i s  s tudy is t o  u t i l i z e  a weighted l e a s t  squares  

o b j e c t i v e  func t ion  and formulate  an  e s t i m a t i o n  a lgor i thm which is 

unbiased when app l i ed  t o  s t ruc tura l  parameter e s t i w t i o n  ( i . e o ,  t h e  

e s t i m a t i o n  of parameters  u s ing  q u a n t i t i e s  which a r e  observed with 

u n c e r t a i n t y - w h i l e  a r e l a t i o n s h i p  e x i s t s  between the  unobservables) .  

I n  t h i s  case  convent iona l  weighted l e a s t  squa res  techniques lead t o  

biased es t ima tes .  The e s t i m a t i o n  a l g o r i t h a  should be a p p l i c a b l e  

even when noise  s t s f i s t i c s  a r e  unknown, r e q u i r i n g  .. so= rnsthod of 

e s t i m a t i n g  the s t a t i s t i c s .  

- The fo l lowing  p l an  of a t t a c k  is suggested.  A s ea rch  w i l l  be 

made of r e l a t e d  l i t e r a t u r e .  The theory  of s t o c h a s t i c  p rocesses  and 

random v a r i a b l e s  w i l l  be app l i ed  to analyz ing  t h e  convergence 

p r o p e r t i e s  and mean square e r r o r  f o r  candida te  a lgor i thms.  Linear 

system theory will be used t o  s imula te  ( d i g i t a l l y )  a l i n e a r  system 

on which t o  compare the  e s t i m a t i o n  a l g o r i t h m .  Conventional tech-  

n iques  will a l s o  be considered (e.g., convent iona l  weighted l e a s t  

- .  

squa res  methods and the  i n s t r m n t a l  v a r i a b l e  approach). Addi t iona l  

a p p l i c a t i o n s  of t he  new technique w i l l  be sought,  hopeful ly  i n  

f i e l d s  which have not  p r e v i o u s l y  been considered.  
b 
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- _  Structural parameter estinstion is best introduced by rceans of 

a simple example. 

between quantities Y 

Suppose there exists an exact linear relationship 

and Xe, that is, in matrix form e 

Suppose we have measurements Ys and X of Y and X respectively. 

Further, suppose we wish to estinrate h such that we also  minimize 
8 e e 

-XShJTM (Y - Xs n h) 
8 J = (Ys 

Hinfmizing J is a weighted least squares minimization problem. 

selecting h such that --x = 0, 

By 
a3 

n 

we have, assuming that M is symmetrical 
ah 

. Let us assume that 

T -1 T h 

h = (Xs M Xs) Xs M Y, 

. . .  

+ V = Xe h + V ys a 

where V is a noise term with zero asan and a covariance matrix R. 

The above problem may be considered a conventional weighted least 

squares problem if X = X . In that case, the expected value of h 
A 

8 e 

is h 8 6  can be sesn by substituting ( 4 )  into (3) and taking the 

expected value with X Xe. 
b 

However, a amre genera l  and more practical problem arises when 

X is known with uncertairity. e - 

Xs - Xe + N - - ( 5 )  

-- i 

where N is a noise tern with zero mean and a covariance matrix S. 
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The problem becores  one of s t r u c t u r a l  parameter es t imat ion '  i n  t h a t  

a s t r u c t u r a l  r e l a t i o n s h i p  exists between the  unobservables Ye and'X e 

bo th  of vh ich  a r e  known wi th  unce r t a in ty .  For the s t r u c t u r a l  parameter  
A 

e s t i v a t i o n  case,  t he  expected va lue  of h becoares 

T A 

-. E(h) = (Xe M Xe + T)O1 X: M Xe h 

' T = EINT M N} 

Thus, a biased  e s t i m a t e  occurs  due t o  the  presence of T. 

Previous  Approach t o  Efas Removal 

An approach t o  removing the  b i a s  i n  (6) was discussed  i n  the  

March 1970 progres s  r e p o r t .  Th i s  technique c o n s i s t s  of changing the 

e s t i m a t i o n  a l g o r i t h i i ' o f  (3) by s u b t r a c t i n g  T (defined i n  (6)) a s  

fo l iows  

T' T A 

h * [Xp M Xs - T]'* Xs M Ys (7) 

A 

Upon t a k i n g  the  expected va lue  of h i n  (7) us ing  (4) and (5) one f i n d s  

that one has an onbtased e s t ima te  of h. However, the problem 

i n n e d i a t e l y  arises as t o  the s e l e c t i o n  of M (sssuming one i s  f r e e  to 

choose N}. Furthermore, (7) does no t  minimize J as requi red  by (3). 

The problem of s e l e c t i n g  M t o  minimize t h e  var iance  of the 

e s t i m a t i o n  error was discussed  in t he  March 197Q progress  r e p o r t .  

Recent work has ind ica t ed  t h e t  f u r t h e r  e f f o r t s  t o  t h a t  end will be 

fruitless. The e x i s t e n c e  of a b e s t  l i n e a r  unbiased e s t ima te  for  h 

r e q u i r e s ,  as p e r  t he  Gauss-Markov theorem,* t h a t  



In t he  case  a t  hand 

T h i s  f a c t  aga in  p o i n t s  o u t  that a s t r u c t u r a l  r e l a t i o n s h i p  exis ts  

between the w b x m b l c s  ( s t r u c  t u ra l  parameter e s t ima t ion )  r a t h e r  

than between the  observables (conventional weighted least squa res  

p a r a m t e r  e s t i m t i o n )  , 

The conclus ion  t o  be reached is that(7) provides a b a s i s  of comparison 

w i t h  o t h e r  a l g o r i t h m  bu t  a d d i t i k a l  t echniques  need t o  be cons idered  

t o  e l i m i n a t e  .tpe shortcomings of t h i s  "subt rac t ion"  nethod. S p e c i f i -  

cal ly ,  one needs t o  s e l e c t  M and a l s o  t o  minimize sore weighted 

l e a s t  squares  func t ion .  

The Ins t rumen ta l  Var iab le  Approach 

The l i t e r a t u r e  c o n t a i n s  a method f o r  b i a s  removal a p p l i e d  t o  

1,3 ,4  
s t r u c t u r a l  p a r a m t e r  e s t ima t ion ,  n a a l y ,  t he  ins t rurzsn to l  v a r i a b l e  

(IV) method. I n  t h e  1V method, an a d d i t i o n a l  m~ssurement  

is used 8s an " i n s t r u m n t "  for achiev ing  a n  unbiased r e s u l t .  No, 

knowledge of t h e  n o i s e  s t a t i s t i c s  is assumed. The i n s t rumen ta l  

v a r i a b l e  should be h ighly  c o r r e l a t e d  wi th  Xe bu t  not  w i t h  e i t h e r  

n o i s e  terms (K o r  V) .  The a lgor i thm of  (3) becomes (us ing  2 as the 

in s t rumen ta l  v a r i a b l e )  

- .. 
The expected value of is h, assuming 2 t o  be c o r r e l a t e d  w i t h  X . * 

e 
but not wi th  N o r  V. 

to o b t a i n  an unbiased e s t ima te .  The vari-ance of the e s t i m a t i o n  e r r o r  

I n  s u n m r y ,  one has ad jus t ed  the  a lgo r i thm 

foliows easily 
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* T  A 

.P - E{(h - h)(h - h) 3 
T (11) -1 T = (ZT M Xe) (2 M R M Z ) ( Z  M Xe)- l  

4 
Since  one can  hopefu l ly  make 2 highly  c o r r e l a t e d  w i t h  Xe , t hen  

s e l e c t i n g  N = R -1 r e s u l t s  i n  

v h i c h  i s  q u i t e  similar t o  convent iona l  weighted l e a s t  squares. One 

bas s e l e c t e d  M, bu t  s t i l l  one must fo rce  2 t o  approach Xe snd one 

bas  not  n e c e s s a r i l y  minimized J from (2). 

New Approach 

Let us cons ide r  a new approach t o  achiev ing  unbiased s t r u c t u r a l  

parameter estimates. 

feast squares minimizat ion problem and the  weight s e l e c t i o n  is well 

This approach fo2lows d i r e c t l y  from a weighted 

def ined .  Note t h a t  (1) can be w r i t t e n  i n  two ways. 

. .- 

. ye = xe 

ye =.H x, 

I n  (13a), h is an n x 1 column v e c t o r  and X is an ut x n matrix (m 

could equal 1, i n  which case X would be a row ve.ctor). In (135), 
e 

e 

all the  d i f f e r e n t  measurecents contained i n  X are reformed i n t o  a 

k x 1 column vector 

whose elerrents  arc formed froo: t he  n x 1 m a t r i x  h, Both (13a) and 

(13b) a r e  equivalent. I n  view of (13a) 2nd (13b) l e t  us write the 

e 

with k < mn. H is  t h e r e f o r e  an rn x k matrix 
Xe 4 

sensor equa t ion  (5) i n  two ways.. 
.-- . 
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'Consider  the  o b j e c t i v e  func t ion  - .  

A A  T 
f [Ys o . - ( $ ~ - -  N.)h] ts[Ys - (Xs - N)h] ;A, 

I - .  

' J  = ;T ISl 
. .  j 1 5 )  

\ A  A A  A ~a T 
. -  . _ .  :.+ %Y H x, i- H nl' M + Y ~  - H x, + H nI .. . 

.. 

.- - -. _ _  _.-I- . 7 .. -9 - .  : : . - - - -  -2:. . 
.~ ._ . . .  . 

-93 ' 
_ _  __ - -. . _ _  ___ . : -.. - 

* .  A t  this po in t , '  if one were t o  o b t a i n  

non- l inear  equa t ions . s ince  N depends on  n ana fi depends on h. 

l i n e a r i z e  the  p a r t i a l  d e r i v a t i v e s  by cons ider ing  N 8!nd H i n  (15) t o  be 

c o n s t a n t s  determined froin t h e  1ast"estfmates of n and h. SSlving . the '. 

and !% ode .would .obt&in]  - .  

Le't us 
. .  . . . .. . '  ::ahA :an . .  n . , . .  

. .  . A  a 
. . .  i . .  

. .  . .  . .  

-. I 
A A .  

... . .  

. -  
. .  . .  

- 
- .  

, 1-_ 

p a r t i a l  d e r i v a t i v e s ,  the  (n 4- 1) estimte .is -- .~ 

. . .  _--. - .  
. :3.. 

- .  . .  . .  -:. .. i . -. 
. A  n A -1 A . :T'.. * A -  

.. . 

E [Bs f H&: Mi HWl I fHM1 . M p  E*l X, - Brrt: Mi Ys]. nS.1 (16b) 
- .  

/ -  . . _  - 
.- . 

n 
. -  .. . . _. - . .- . .. .i . .. 

. ..- - 

The a lgor i thm of (16) is, therefore, i terative end begins  w i t h  an i n f t i a l  

estimate of N. This i n i t i a l  e s t ima te  could be zero, hence t h e  process 
A 

begins  w i t h  .Fo = 0. As more d a t a  pecoms ava i l ab le ,  the  process can 
i 

a l s o  be sequen t i a l .  I n  fac t ,  the  ma t r i ces  of (16) can e a s i l y  be 

defined t o  c o n t a i n  .submatrices thereby cons ider ing  the  case  where k sets 

of data have been takeri. Far the repeated data case,  a lgor i thms such 

as (3) and (16) can be w r i t t e n  as  s u m a t i o n s  over k i n  terms of the  

correspanding submatrices contained i n  X st ' = J  

A 

It can be shown t h e  h is a n  unbiased e s t ima te  of h i f  the n+l 
weight ing  matrices are chosen as follows. 

If1 = s1 -1 

-1 M2 = R 



. .  

where Sb.is t h e  covariance ua t r ix  f o r  N and R i s  t h e  covar iance  matrix 

for V. Note t h a t  complete knowledge of IC imp l i e s  t h a t  S1 + 0. -In t h i s  

case M + 03 and n + 0 i n  (16b). Hence N approaches zero  and t h e  

a lgo r i thm of (16a) becomes (3) ,  t h e  a lgor i thm fo r  convent iona l  least  

squa res  e s t ima t ion .  

e! 
A CD 

1 ntl 

On t h e  o t h e r  hand, complete ignorance of Xe 

imples  t h a t  SI + m. I n  t h i s  c a s e  -+ 0 and (16b).can be w r i t t e n  

A 

j17) n = - (matrix) x Y ntl 6 

. .  
A 

S u b s t i t u t i n g  (17) i n t o  (16a), w e  f i n d * t h a t  hntl i s  found by completely 
.. - 

Pgnoring t h e  sensed va lues  X . The behavior  a t  t h e s e  two extremes 

is q u i t e  reasonable .  

6 

. *  

In s m m r y ,  the a lgor i thm of (16) fo l lows  d i r e c t l y  from a weighted 

l e a s t  squares  minimizat ion problem, t h e  weight s e l e c t i o n  is def ined ,  

and the es t ima to r  provides  unbiased ope ra t ion  i n  dea l ing  w i t h  

s t r u c t u r z l  parameter es t imat ion .  This  scheme may be r e f e r r e d  t o  a 

- l i n e a r i z e d  t e r a t i v e  xe igh ted  l e a s t  s q u a r e s  technique (abbrevia ted  

LITWELS). This technique 'and t h e  mnemonic are t h e  work of t h e  au tho r .  

genera.1 Problem t o  be  Treated 
s 

The problem introduced i n  t h i s  r e p o r t  concerns e s t i m a t i o n  of a 

cons tan t  parameter.  

t h e  sane manner. 

A more g e n e r a l  p roblen  may be solved i n  q u i t e  

I n  t h e  gene ra l  problem, t h e  parameters  &y be t i n e  
__ 

vary ing  of t h e  form 

h = 4ho f I'U 

i 
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8 

vhere W is a noise of zero mean with covariance Q. 

known exactly, then one obtains a discrete Kalman filter from a 

properly chosen weighed least squares minimization problem. 

X is known'with uncertainty, then the discrete Ka1rna.n filter 

yields a biased solution, but the instrumental variable approach 

When Xe is 

When 

e 
4 

or the LITUELS approach can easily be extended to yield an unbiased 

solution. 
:. 

Since the weighting matrices are chosen as the inverses of 

certain covariance mtrices, methods must be chosen t o  estimate 

the covariance matrices when the noise statistics are unkno-m. 

Esthetes of this type follov from proper manipulation of the 

objective function. Both the extension of the LI'iXELS technique t o  

the time varying parameters case and the estimation of unknown noise 

statistics are future goals.of this study. 
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OX THE SEQUENTIAL SEARCH FOR THE MAXIHLJN OF AN UNKNOIJN FUNCTIOK 

by S. Yakowitz 
- -  . .  

. -  
I e INTRODUCTION 

Hany problems a r i s i n g  i n  eng inee r ing  and o p e r a t i o n s  r e s e a r c h  

c o n t e x t s  have the fol lowing s t r u c t u r e :  The d e c i s i o n  maker is pro- 

vided w i t h  2 class\ p of funct ions,  whose comon domain, X is 

s p e c i f i e d .  Some mechanism s e l e c t s  a f u n c t i o n  f from F. The d e c i s i o n  

a p o i n t  x* E x a t  which f assumes i t s  maximum value (denoted by 

1 If 1 1 ) .  Toward t h i s  end, t he  d e c i s i o n  maker may s e q u e n t i a l l y  2nd 

... from X. Upon 1’ x2 ,  wi thou t  c o n s t r a i n t . s e l e c t  elements x 

choosing x he is i n f o r w d  of the value f ( x  ). Thus t h e  d e c i s i o n  n’ n 

maker nay cone t o  l e a r n  c e r t a i n  f e a t u r e s  of f .  Any (perhaps ran- 

doroized) s t r a t e g y  f o r  choosing x on the b a s i s  of the sequence of  
n 

p a i r s  {(x. , f (xj)) 1 w i l l  be termed a sea rch  procedure.  The problem 
3 .  

of  f i n d i n g  a s e a r c h  procedure s under Which, f o r  a l l  f i p J  {f(x,)} 

converges t o  1 If 11, i n  sotre s p e c i f i e d  sense,  has  generated a l i v e l y  

body of  r e s e a r c h  papers,  some of which w i l l  be referenced and 

desc r ibed  i n  the  p r e s e n t  paper. 

As an example of  the s o r t  of eng inee r ing  q u e s t i o n  g i v i n g  r i s e  

t o  a s e a r c h  problem,.suppose t h a t  a n  a i r p l a n e  i s  t o  f l y  w i t h  a 

f i x e d  v e l o c i t y .  

t he  c a r b u r a t i o n  s e t t i n g .  If x is t he  r e l a t i v e  -mixture of f u e l  and 

a i r ,  and f (x )  the  z s s o c i a t e d  f u e l  consumption r equ i r ed  t o  ma in ta in  

I t s  f u e l  e f f i c i e n c y  w i l l  t hen  be 2 f u n c t i o n  of 
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I the a i r c r a f t ' s  v e l o c i t y ,  then the framework f o r  a s ea rch  problem i s  

p r e s e n t .  For t h i s  problem, X may be taken to  be the  u n i t  i n t e r v a l  

and F, perhaps, may be considered t o  be the  s e t  of cont inuous 

f u n c t i o n s  on the  u n i t  i n t e r v a l .  

Under c e r t a i n  r e s t r i c t i o n s  o n F  and X ,  e f f e c t i v e  sea rch  pro- 

cedures  have been revea led .  The most pub l i c i zed  o*f these  is the  

"gradien t  method" which, i n  i t s  s imples t  form, determines x from , j+l 

x by e s t i m a t i n g  the  g rad ien t  O f  of  f a t  x (by d i f f e r e n c e  approxi-  J 9 

j+r = xj + 

wations der ived  from l o c a l  samples) and then s e t t i n g  x 

Avf(x >. 
t he  process  evolves .  

A is chosen from h e u r i s t i c  c o n s i d e r a t i o n s  2nd may vary as 

I f  t he  func t ions  of F a r e  concave or at l e a s t  
J 

unimodal and x is bounded and s u f f i c i e n t l y  r egu la r ,  the g r a d i e n t  

method will provide a Cauchy sequence ( f  ( x  )) converging t o  I f f 1 f 

Hadley's book Nonlinear and Dynamic P rograming  f11 devotes  a 

n i c e l y  w r i t t e n  chap te r  t o  the  g r a d i e n t  method and i t s  v a r i a t i o n s .  

The review gaper  by Spang [ 2 3  has a n  ex tens ive  b ib l iography on the  

g r a d i e n t  method, more r ecen t  methods of which a r e  descr ibed  i n  the  

j 

- '  

book by Osbo'rn and Kowilak 131. 

J. Kiefe r  [4,51 has published i n t e r e s t i n g  ana lyses  f o r  the  

c a s e  that X i s  a bounded i n t e r v a l  i n  the real l i n e .  I n  p a r t i c u l a r ,  

under the  sea rch  procedure he proposes,  i n  n t r i a l s  ( t he  number n 

must be spec i€ i ed  i n  advance) the  po in t  x* a t  which f (x*) = I If I I 

can  be loca ted  w i t h i n  a d i s t a n c e  of 1 / L  

number, when F i s  the  s e t  of unimodal func t ions  on 0,l . Further., 

t he  search procedure is minimax i n  the sense cha t  no non-randorniied 

L being  the  Eth Fibonacci  n' n 

s t r a t e g i e s  can improve on t h i s  o p e r a t i n g  p o i n t  e r r o r  uaiformly.in 

F. Bellman and Dreyfus c61 devote a chapter  t o  t h i s  op t in i iza t ion  
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. approach. To t h i s  w r i t e r ' s  knowledge, a n  analogous sea rch  which 

d s o  possesses  the  minimax proper ty  has y e t  t o  be r evea led  for 

mult i -dimensional  X .  

An i n t r i g u i n g  search model (which is s l i g h t l y  c l o s e r  t o  the  

p a t h  t o  bevfollowed here  i n  t h a t  p r o b a b i l i s t i c  i d e a s  are prominent 

and m u l t i - m o d a l  func t ions  are included i n  F) was proposed by 

B. Kushner [ 7 J 8 j  who supposed f to be a sample f u n c t i o n  froin a 

Brownian motion p rocess  on a bounded l i n e a r  i n t e r v a l ,  x. 

. 

An advan- 

t age  to t h i s  viewpoint is t h a t ,  i n  a d d i t i o n  to  inc lud ing  m u l t i -  

modal func t ions ,  ideas from Wiener p r e d i c t i o n  theory  can  be brought 

t o  bear on the problem of des igning  an optimal  search procedure.  3 

Kushner p o i n t s  ou t  t h a t  nuner ica l  e v a l u a t i o n  of the  op t ima l  pro-  

cedure is computat ional ly  p r o h i b i t i v e ,  bu t  provides  a sea rch  

procedure under which ibn l / n  Jn f (x ) = 1 If 1, alriiost s u r e l y .  
n- 1.11 i 

- _  

The r e sea rch  repor ted  i n  t h i s  paper follows an approach sketched 

by S. Brooks 193. Presumably, Brooks took X t o  be a f i n i t e  

and t he  loss a s s o c i a t e d  wi th  the func t ion  f c F  and ope ra t ing  

XEX t o  be . - -_ 

set, 

p o i n t  

- 
L(%Jf)  = "proportion" of p o i n t s  X ' E X  such t h a t  

f (x')  f i x ) .  

Then, given any p o s i t i v e  nunbers e, d ,  a sma l l e s t  number N is r e a d i l y  

are s e l e c t e d  f r o n  X b y  a N c a l c u l a t e d  such t h a t  i f  x 1'. x2 * ' *  

randoniza t ion  which givcs equal  weight t o  each element of X ,  for 

any r ea l -va lued  func t ion  f ,  

f o r  n > N. 
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Brooks, as w e l l  as Kushner, cons ide r  t h e  p o s s i b i l i t y  t h a t  t h e  

measurements { f  (x . )}  m y  be cor rupted  by a d d i t i v e  -noise. 

c o n s i d e r a t i o n s  w i l l  be d e t a i l e d ,  a long  w i t h  a b r i e f  review of 

These ' 

1 

" s t o c h a s t i c  approximetion" in a l a te r  s e c t i o n  (Sect ion 4) of t h i s  

paper .  

Let us summarize the  r e s u l t s  of t h i s  paper.  T w i l l ,  in a l l  

our s t u d i e s ,  a t  l e a s t  inc lude  the  s e t  of cont inuous func t ions  on X ,  

which, f o r  expos i to ry  reasons,  w i l l  be the  u n i t  i n t e r v a l .  

c a p i t a l  l e t t e r s  denote  random v a r i a b l e s  and lower case l e t t e r s  an  

General ly ,  

obse rva t ion  of t he  v a r i a b l e  des igna ted  by t he  c a p i t a l i z a t i o n .  

S e c t i o n  2 r e v e a l s  two random s e a r c h  procedures;  t he  f i r s t  of these  

8chieves  almost  s u r e  convergence of 1111 r! L 
i s 1  

f(Xi) t o  I If 1 I f o r . e a c h  

fer, and the  second y i e l d s  a random sequence {€(Xi) 1 which converges 

in p r o b a b i l i t y  t o  l l f l ) .  S e c t i o n  2 concludes wi th  a theorem on the  

non-exis tence of a search procedure under which f (X 1 1 I f  I I n 
almost  -._ s u r e l y  f o r  a l l  cont inuous f ,  and a theorem on the i m p o s s i b i l i t y  

of bounding the  r a t e  of convergence i n  p r o b a b i l i t y .  

S e c t i o n  3 reopens and extends  the r e s e a r c h  pa th  suggested by - .. 
Brooks C93. Where Brooks d e f i n e s  the  l o s s  a s soc ia t ed  w i t h  f c P  

and o p e r a t i n g  po in t  x c x  by "proportion" of X'EX such t h a t  f (x')>f (x), 

we d e f i n e  the  l o s s  t o  be 

L(x,f) = Lebesgu.e measure x': {f(x') > f (x )  1. 

I t  wi!l be v e r i f i e d  t h a t  t h i s  r e t a i n s  the  important  f e a t u r e  i n  

Brooks' s t u d y  t h a t ,  for any p o s i t i v e  nurribers c 8nd d, one may 

compute i n  advance of making roeasurenents, how many measurements N 

are  requi red  so t h a t ,  for any fcp, n )N, 
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n* being the random element' i, I 

measurement f (X ) . 
i < n, which maximizes -the ; L - I T  

Further, random searches SI and .S and numbers i 2 

8 and N2 are described such that, for any frF, under SI, 
1 

n 

i=l 
l/n Z L(Xi, f )  > c3 < d 0*2) 

t -  
-_ 

and under S2 - I  

(1 3) - 
I .  

P[L(Xa' f )  > c ]  < d for all n > N a' 

At the close of Section 2, we show that under certain mild 
-_ 

restrictions, with increasing n the randoin variable n L(X 

converges weakly to the exponential variable with paremeter 1. 

f), i. 

In 
n *' 

t h i s  statement, nf has the same meaning as given in connection with 

equation (1.1) ; 
_ _ - -  - 

Section 3 stadies the case that the measurements (f(x.)) are 

corrupted by independent, 'identically distributed additive noise, 

which is assumed not to depend on f .  With no further assumptions 

on the noise process, we reveal a search procedure under which-' 
n 

the average operating loss ,  l/n L L ( X  f ) ,  converges i n  probability 

t o  0 for every Lebesgue-measureable function f ;  in the noisy case, 

1 

i=1 i' 

however, no lower-bounds for the rate of fhis convergence have been 

discovered. If the noise distribution is known, the previously 

mentioned convergence is obtainable even if the noise distribution 

depends on the operationg point x. We compare this noisy-measurement ' 

problem and the results obtained to the class of problems which are 

known to yield to the method of stochastic approximation; also 

related resu l t s  due to Kuohasr are'menttioned. 
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The concluding s e c t i o n  sugges t s  how the  preceding  theory can 

be extended t o  unbounded-and multi-dimension X and mentions a few 

i m p l i c a t i o n s  of t hese  s t u d i e s .  . .  

XI. ON THE EXISTENCE OF CONVERGENT SEARCIBS 

To r e c a p i t u l a t e  c e r t a i n  -remarks made .in t he  prev ious  s e c t i o n ,  

t h e  s i t u a t i o n  w i t h  r e s p e c t  t o  convergence (o r  equ iva len t ly ,  almost 

c e r t a i n  convergence) of {f (xi) } eo I [ f  1 1  .is t h a t  t h i s  problem has 

been solved only  i n  c e r t a i n  weak senses .  Gradien t  techniques  as 

w e l l  as Fibonacci  searches  r e q u i r e  a t  l e a s t  that  f be unimodal. 

The only o t h e r  p r i n c i p a l  r e s u l t  t h a t . t h i s  au tho r  has uncovered i n  

t h e  l i t e r a t u r e  is t h a t  i f  f I s  a sample f u n c t i o n  of a given Wiener 

p rocess  on X, then  the re  is a s e a r c h  procedure achiev ing  convergence 

almost  s u r e l y  of C f ( x . ) / n  t o  f If If. (For b r e v i t y ,  l e t  us r e f e r  i= 1 1 

t o  t h i s  a n a l y s i s  16)  as "Kushner theory").  

n 

The weakasss of the 

-_ - s i t u a t i o n  c i t e d  above a r e  grev ious .  

are too  r e s t r i c t i v e ;  Many c l a s s e s  of important  c r i t e r i o n  f u n c t i o n s  

a r e  excluded, o r  (as i n  t he  Kushner theory case)  a s t r u c t u r e  is 

F i r s t ,  t he  a i a i l a -b l e  models 

imposed t h a t  w i l l  n o t  se rve  as a n a t u r a l  model ' for  many "real- ~ 

world" phenomena. Second, eng inee r s  and o t h e r  p r a c t i t i o n e r s  of 

c o n t r o l  theory a r e ,  o r  should be, des i rous  of having some means of 

computing how nany obse rva t ions  a r e  requi red  to  achieve a c e r t a i n  

performance l e v e l .  

"Given any 6, E > 0, under sea rch  procedure S,  a number N ( 6 ,  E) may 

be coniputed such that P[C(llfll - f ( X n ) )  > E J  C 6 f o r  a l l  n > N(t$ ,Fc) ,  

f tF ."  G ( * )  would be some monotonic func t ion  of l l f l l  - f(X ) such 

as [(f(x,) - l[fll)/[[f[j)]2. No such r e s u l t s ,  except  i n  extremely 

Such a s ta tement  would go something l i k e :  

. 

n 



exclusive s e t t i n g s ,  have been revealed and gene ra l ly  speaking,  

t h e r e  i s  no way f o r  t he  engineer  t o  e s t ima te  i n  advance the  q u a l i t y  

of performance ob ta inab le  i n  a f i n i t e  number of  observa t ions .  

T h i s  au tho r  has  the opin ion  t h a t  f o r  a p p l i c a t i o n s  (i.e. when 

only  f i n i t e l y  many obse rva t ions  can  be made), convergence in 

p r o b a b i l i t y  i s  f u l l y  as valuable  as convergence almost su re ly ,  and e 
- -  

b o t h  convergences a r e  e s s e n t i a l l y  wor th l e s s  u n l e s s  a s s o c i a t e d  bounds 

e8n be der ived .  However, i f  t he  r eade r  is w i l l i n g  t o  attach va lue  

t o  convergence unaccompanied by bounds, then  the  fo l lowing  theorems 

way be of i n t e r e s t  i n  t h a t  they desc r ibe  sea rch  procedures  simul- 

taneous ly  as e f f e c t i v e  ( i n  terms of convergence achievable  i f  t he  

d i s t i n c t i o n  between convergence i n  p r o b a b i l i t y  and almost  s u r e l y  

is ignored) as g r a d i e n t  methods, Fibonacci  search,  o r  s ea rches  i n  

Kushner theory,  b u t  which are v a l i d  under a much more gene ra l  s e t t i n g .  

Theorem 1: 

func t ions  on [O, 11. One may compute a search .procedure  S under 1- 

Dc Let  F be the  s e t  of bounded, piecewise-continuous 

which, €or  e v e r y  a > O  

- .  

Theorem 2: Under the  cond i t ions  of Theorem 1, one may compute a 

sea rch  procedure S under which 
2 .  

almost  surely €or e v e r y  f ~ e .  
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Theorems l and 2 a r e  t r i v i a l  consequences of Theorems 5 and 6, 

2'  i n  t h e  p roof s  of which a r e  desc r ibed  s e a r c h  procedures SI and S . 
T h e o r e t i c i a n s  might a p p r e c i a t e  our  observing t h a t  under a 

class as large as F above, i n  Theorem l weak convergence cannot  be 

s t rengthened t o  s t r o n g  convergence, as w e  now demonstrate.  

Theorem 3: pf F is t he  space of cont inuous func t ions  oq eo, 13, 

t h e r e  is no s e a r c h  procedure under which f ( X  1 + . I  I f  1 1  almost  s u r e l y  n 
f o r  a l l  fcF. 

PROOF: Let  f be any continuous f u n c t i o n  t a k i n g  i t s  maximizing 

IIflI a t  some unique p o i n t  & i n t e r i o r  to  h,l1, and suppose S 

some s e a r c h  procedure under which f (Xn) + I If 1 1  almost s u r e l y .  

va lue  

is 

L e t  

SL be any p o s i t i v e  number less than  112. Define A t o  be t he  even t  

e h a t  x* - a c x 

tl 

x* f. a for all i > n. Kotice t h a t  An is a n  i 

i n c r e a s i n g  sequence, and as X*  is a unique maximizing p o i n t  of  f ,  

l i m  P[An] - 1. n-m . N  
Thus f o r  some i n t e g e r  N, P[A 3 0 and as there are 

i n f i n i t e l y  many d i s j o i n t  non-degenerate i n t e r v a l s  i n  X b u t  o u t s i d e  

t h e  i n t e r v a l  fx* - 8,  x* + a], t h e r e  must be some i n t e r v a l  I such 

t h a t  the even t  "I i s  no t  sampled a t  a l l "  has p o s i t i v e  p r o b a b i l i t y  

under the process  determined by S on f .  B w i l l  denote t h i s  event .  

Le t  f '  be a f u n c t i o n  i d e n t i c a l  t o  f on I and assuming a maximum 

1lf'll > 1 I f I l .  

eo I.) Recal l  t h a t  s ea rch  procedures are cons t r a ined  t o  depend on 

t h e  func t ion  being searched only through v a l u e s  a c t u a l l y  sampled .  

Consequently, S on f, given B and S on f '  g iven B are t h e  same 

e 

(The maxivizing p o i n t  o r  p o i n t s  m u s t  be i n t e r i o r  

p rocess .  As f(xi)  * l l f l l  almost su re ly ,  and B has p o s i t i v e  
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- _ -  p r o b a b i l i t y  t h e n ,  g iven  'B, f'(xi) + I if 1 1  < 1 If ' 1  1. 

Onc concludes that under S, P[f'(xi) + llf'113 5 1 - P[Ba e 1. 

- _ -  
As w e  have mentioned, f o r  a p p l i c a t i o n  of a n  op t imiza t ion  

procedure, i t  seems to  us highly d e s i r e a b l e  t h a t ,  w i t h i n  t h e  mathe- 
. 

matical framework of the procedure, t h e r e  be so& way of a s s e s s i n g  
. _. .. 

what can be done i n  a f i n i t e  number of i t e r a t i o n s .  The theorem t o  

follow sugges t s  t h a t  such estimates w i l l  .not be a v a i l a b l e  under the 
_ - - -  - _ - . _  

loss c r i t e r i o n  9'11f I 1  0 f(xn)". 

0 

Theorem 4: 7 I f  F is the  space of cont inuous func t ions  on [O,l], no 

s e a r c h  procedure exis ts  such t h a t  f o r  every c ,d  > 0, t k r e  is a n  

i n t e g e r  N(c,d) f o r  which, i f  i > N(c,d) ,  - 

f o r  every fcF. 

PROOF: Let  S be any s e a r c h  procedure, c dnd d any p o s i t i v e  numbers 

less than 1, f any f u n c t i o n  i n  F, and N any p o s i t i v e  i n t e g e r .  Define 

I t o  be' sone i n t e r v a l  i n  C0,l) such t h a t ,  under the random sequence 

induced by S on f ,  t h e  event  (call i t  B) "1 i s  sampled by t ine  N" 

has p r o b a b i l i t y  less than d .  

w i t h  f on I 

- -  -. 
- -  ~ a .  - 

f '  is any f u n c t i o n  i n p  which agrees 
C 

a n  has  a maximum which s a t i s f i e s  t he  i n e q u a l i t y  

- Then,- given B, f ' ( x i )  s I ]  f l  I for 1 5 i s X, and consequently,  for. 
- .  

S h e  p rocess  induced by S on f '  
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PIlff'll -f'(Xn)/llf'li > cl 2 P[Bj  > d f o r  n S N. (2,l) 

and S are a r b i t r a r i l y  chosen, (2.1) i m p l i e s  t h e  theorem. 

Zhe preceding  development gives ample evidence for t h e  a s s e r t i o n  

if one wishes ia search procedure hsvir& convergence bounds unl- 

OD t h e  set of eontinuous func t ions ,  it i s - n e c e s s a r y  t o  cons ider  

a loss c r i t e r i o n  d i f f e r e n t  frben monotonic func t ions  Qf 11fi1 - b a n ) .  

The next s e c t i o n  suggests such an  a l t e r n a t i v e  fo r  which uniform bounds 

are revea led .  

- 
-.- -. . . 

T I I .  PROPERTIES OF TEIE MEASURE OF THE DOUIN OF IWROVEMENT 
.. 

We seek t o  overcorm what we regard  as t h e  g r e a t e s t  weakness i n -  

the existing theory of sea rch  procedures  (which was desc r ibed  i n  

the pTeViOUS s e c t i o n ) ,  n&!%?lyn i n  t h e  Class  F Of cont inuous fUnCthnS . 
on C0.11, under no sea rch  procedure can bounds on t h e  rate of con- 

vergence of f (xi) to  I If I 1 # or  on t h e  r a t e  of convergence of 

l/n 5 f (xi) t o  I If 1 f be e s t a b l i s h e d  which are uniform on F. The 

p r a c t i c a l  consequence of t h i s  weakness is t h a t  t h e  experimenter  

cannot e s t i m a t e  t h e  l e v e l  of performance ob ta inab le  i n  a f i n i t e  

i=1 

nuzlber of sea rch  i t e r a t i o n s .  

ficulties i s  t o  r e d e f i n e  t h e  sea rch  problem by proposing B different 

(but ,  hopefu l ly  not unreasonable)  c r i t e r i o n  of goodness. 

Our approach t o  overcoming t h e s e  dtf- 
&. 

- - .  
Associated with ensh operating poin t  xcF and c r i t e r i o n  f u n c t i o n  

fd' fs t h e  set  A(x,f) 

$ p a i n  of inproveaent  (of f over f ( x ) ) .  We propose,  a3 a loss . 
@:f(y)  f ( x ) ) ,  which is here c a l l e d  t h e  

function f u r  search problem, t h e  Lebesgue measure, m ( A ( x , f ) ) ,  of 



I - .  I 
p a r t i a l  o r d e r i n g  on X a s ' d o e s  1 I f l  I - f (x)  (i.e. L(x,f) L(y,f) i f  

'and only i f ,  I I fl I - f (x)  < I I f l  I - f ( y ) ) .  Obviously, then, 

L(xn,f) + 8 and I l f l I  - f (xn)  0 a r e  equ iva len t  s ta tements .  Thus, 

in an important  sense,  the c l a s s i c a l  loss f u n c t i o n  snd the  measure 

of t he  domain o f  convergence a r e  equ iva len t .  

We remind the  r eade r  that i n  Sec t ion  Ib w i t h  r e s p e c t  t o  a fixed 
n 

f u n c t i o n  f ,  f o r  a sequence {x 1 we def ined  n* t o  be any s u b s c r i p t  
i. i=1 

m(1 5 m 5 n) such t h a t  

f(xm) 9 rnax f(xi) :  1 < i u n 

The s t r e n g t h  of t he  r e s u l t s  on sea rch  procedures,  under the  loss 
n - .- . 

-L(x,f) stem from the  f a c t  that i f  X = 60,1] and {X-} is a 
i in1 

sequence of independent random v a r i a b l e s  uniformly d i s t r i b u t e d  on 

X then L(Xn*,f) 'has a d i s t r i b u t i o n  which is  e s s e n t i a l l y  independent 

of feF(or, more accu ra t e ly ,  has a "worst case" i n  F). , 

Theorem 5 :  

[0,13. 

E F be the  s e t  of Lebesgue-measureable func t ions  on 

For any i n t e g e r  n and number a i n  t he  open u n i t  i n t e r v a l ,  

. .  
PtL(Xn*,f) 2 a3 s (1-a)" 

f o r  every f@. 

PROOF: L e t  t '  = inf{t:mtf > t I  2 a). AS mtf > e l  i s  cont inuous 

from above, m[f > t ' ]  z a .  Also, s i n c e  Lebesgue measure and the  

uniform p r o b a b i l i t y  co inc ide  on Bore1 s u b s e t s  of X ,  

1'- a 2 m[f s t '] = P[f(Xi)  s t ' )  = PIL(XI,f)  2 a , 1 5 i 5 n. 

In orde r  t h a t  f(X ) s t ' ,  we must h a v e - t h a t  f ( X )  S t', 1 5  i 5 n. n* i 



%he re f  ore, 

I f  me f > t) is  continuous,  then  for each a i n  t h e  u n i t  i n t e r v a l  

t h e r e  is a 6' such t h a t  mff > t ' j  - a, and t h u s  the  bound descr ibed  

i n  Theorem 5 cannot  be improved upon, FOP example, i f  f(x) - x, 

. (XED, t hen  
. .  

.. . . 
P[L(Xn,,f) > aJ = (1-a)", (3.11 

In what fol lows,  M w i l l  denote the  rendom v a r i a b l e  L(Xn*,f) d e t e r -  

mined by equa t ion  (3.1)0 That is, Mn is t he  random v a r i a b l e  having 

t h e  cumulat ive d i s t r i b u t i o n  f u n c t i o n  Fn(x) = 1 - (1-x)", (0 5 x s 1). 

For s e v e r a l  numbers A and D, Table I. g i v e s  the maximum number of 

P 

obse rva t ions  N r e q u i r e s  so t h a t  P h  > A 3  < I). 

p w i l l  denote the  set  of Lebesgue-measureable func t ions  on [ O , l j ( =  X ). 

Also i n  t h i s  s e c t i o n ,  

----___-. - - -  - .I 
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A .05 -,lo e15 e20 .25 -30 . 035 -40 .45 e 50 
D * - - - _ -  

005 59 29 
0 10 225 
a15 37 
e 20 32 16 
e25 28 . 14 
030 24 12 
o 35 21 10 
o 40 18 9 
a 4 5  16 8 
e 50 14 7 

19 
15 
12 
10 
9 
8 
7 
6 
5 
5 

14 
11 
9 

7 
6 
5 
5 
4 
4 

a 

11 9 -  9’ 
9 f 6 
7 6 5 
6 5 4 
5 4 4 
5 - 4 -  3 
4 3 3 
4 3 3 
3 .  3 2 
3 2 2 

6 6 
5 4 
4 4 
4 3 
3 3 
3 3 
3 2 
2 2 
2 2 
a 2 

5 
4 
3 
3 
2 
2 
2 
2 
2 
2 

- .  -_- - 
A -005 ,010 .015 .020 .025 -030 -035 -040 -045 .050 
B 

e005 
e o 1 0  
e015 
,020 
-025 
.Ox,  
e035 
040 

e045 
0050 . 
I 

1058 528 351 263 210 
9 19 459. 305 228 182 
8 38 418 . 278 208 166 
781 390 259 134 156 
7 36 368 245 . 183 146 
700 349 233 174 139 
669 334 222 $66 133 
643 321 213 160 128 

598 299. L99 . 149 119 
619 309 206 i54 123 

174 149 130 116 104 
152 130 113 101 90 
138 118 103 92 82 

- 129 110 96 85 77 
122 104 91 81 72 
116 99 86 77 69 
111 95 83 7 3  66 
106 91 79 70 63 
102 88 76  68 61 
99 85 74 66 59 

. .- 

TABLE I 

N I N I W .  N SUCH THAT Pc I$ > A] D 

. _  
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Let u s  proceed t o  our  goa l  of  r e v e a l i n g  sea rch  procedures  ach iev ing  

bounded convergence ' to  opt imal  performance. 

Theorem 6: One may compute a sea rch  procedure S under which, f o r  1 

any p o s i t i v e  numbers c and  d ,  a number N(c,d)  m y  be found f o r  which 

a 
'g P U P  l / n  C L(XI,f) > c ]  e d 

n*(c,d) i.4 

. for every  fcp. . .  
D 

rn 
PROOF: Let  h(i)} - be a sequence of numbers such t h a t  n(1) - 1-  I 

i= 1 - -  

and K/n(i) converges t o  .O monotonically (e.g. {2i-1}). 

5, we nay compute 8 nuqber N 1  such t h a t  

By theorem 

Also,  we nay f i n d  a number N" g r e a t e r  than N' such t h a t  

Search  procedure 'S r e q u i r e s  t h a t  X be sampled independent ly  and 1 
(J = 1, 2, ...), and f o r  t # nJ, xt i s  - nJ 

uniformly a t  t imes t 

chosen t o  be the  b e s t  va lue  i n  the  sequence {X } sampled thus 

f a r :  

dr monotonically i n c r e a s i n g  i n  t. 

f (x t )  - max {f(XV): v 5 t). Thus ev iden t ly  f(xt),  t 4 {n(j)} 

Observe t h a t  from the  choice  of 

-- 
1' NO' and the  d e f i n i t i o n  of S 

Let Q be the event  (with r e fe rence  t o  the  process  determined by S' * 

If Q occurs,  then  by the  choice  of N" on f )  t h a t  L(x 

(and obse rva t ion  t b a t  L(x,f)  s 1, always) 

1 
f )  s c / 2 .  n(N') 



and consequently t h e  theorem is  proved, with the  understanding t h a t  

. N" s u f f i c e s  %or N ( c , d ) .  

Theorem 7: One may compute a s e a r c h  procedure S. under which, f o r  2, 

any p o s i t i v e  numbers c and d ,  a number N(c,d)  may be found f o r  which 

for a l l ' n  N(c,d) a d  a l l  f @ .  

PROOF: Let  {a(j)) be a spa r se  sequence as i n  t h e  proof of Theorem 

6. 

t h e  sanple space Qn(j) ,  n(j )  + 1, n(j)  +- 2, e..,. n(f+l) - 11 and 

is chosen by the  randomization which a s s i g n s  equal  p r o b a b i l i t y  t o  . 

each element of t h i s  sample space. 

samples X independently and uniformly a t  times i n  {N(j)). 

times, x is chosen t o  be the  b e s t  o p e r a t i n g  p o i n t  t hus  far 

From t h i s  we c o n s t r u c t  a random sequence { N ( j ) )  where N ( j )  has 

S is t h e  search procedure which 2 

A t  o t h e r  

b 

sampled. The c o n d i t i o n  imposed on {n(j))  t h a t  j / n ( j )  converge 

monotonically t o  0 as j tends t o  i n f i n i t y  ensu res  us t h a t  a number 

' N' can be found such t h a t  P[N(j)  = n j  a d /2  for a l l  j > N', a l l - -  

i n t e g e r s  n. From Theorem 5 ,  a number N" may-be found such t h a t  
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Now let us turn our-attention to the question of-how fast M n 

converges, as n increases. 

problem, we seek a sequence {g(n)) such that g(n)M converges to a 

In the spirit of the central limit 

n 

limiting random variable other than the unitary variable, and we 

wish to find also what this fimiting variable is. If we are able 

to resolve this problem, then, heuristically speaking, P/g(n) will 

be the convergence rate of Mn. 

will find that M converges to the exponential Variable at the rate 

In answer to these questions, we 
-. 

n 
of l/n. 

.the cumulative distribution . .  function Pn(x/n) of "Mn by its limit 

Also, we will be able to bound the error induced by replacing 

-x distribution, 1 - e f F(x). 

Theorem 8: 

garame ter 1. 

(nM } converges weakly to the exponential variable with n 

PROOF : 

By using Taylor's formula with remainder on the logarithm of 

eaX/(l-x/n)", one may verify that for x > 0, n = P, 2, ..., 
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SEQUENTIAL SEARCH USING NOISY MEASURZMENTS 

Ts t he  s t r u c t u r e  of t he  s e q u e n t i a l  s e a r c h  problem considered . 

in ear l ie r  s e c t i o n s ,  t h i s  s e c t i o n  appends the  p o s s i b i l i t y  that upon 

s e l e c t i o n  of o p e r a t i n g  p o i n t  xn a t  the E t h  s e a r c h  i t e r a t i o n ,  the 

d e c i s i o n - m k e r  observes  

_. 

v h e r e  { Z 1 is a sequence of independent rindom v a r i a b l e s  (N's) 
To beg in  with,  w e  w i l l  assume the  Z *s t o  be i d e n t i c a l l y  d i s t r i b u t e d ,  

but ways i n  which t h i s  r e s t r i c t i o n  may be r e l axed  will be mentioned. 

Phys ica l ly ,  f(xn) + 2 may be regarded as a r i s i n g  from a noisy meter 

which measures f(xn)* The above r e s t r i c t i o n s  imply t h a t  t h e  no i se  

c h a r a c t e r i s t i c s  of  ehe meter a r e  independent of  previous m- dasure- 

R 

n 

n 

rnents as well  as t h e  magnitude of  t h e  q u a n t i t y  being measured. 

s e a r c h  procedure S w i l l  be r evea led  under which l / n  Z L(x f) - 

converges t o  0 i n  p r o b a b i l i t y  f o r  a l l  Lebesgue-neasureable f u n c t i o n s  

f ,  r e g a r d l e s s  of  t h e  cornon d i s t r i b u t i o n  of t h e  Z 'S. 

A 
n 

3 p a  j' 

I n  c o n t r a s t  i 
t o  the n o i s e l e s s  case, a lower bound t o  the  rate of convergence i s  

not a v a i l a b l e .  Connection of our study here  t o ' r e l a t e d  r e s u l t s  i n  

t h e  theory o f  s t o c h a s t i c  approximation and Kushner theory w i l l  be 

mentioned. 

;Pn t h e  theorem t o  follow, t he  r e s t r i c t i o n  t h a t  t he  Z 's be n 
independent random v a r i a b l e s  i d e n t i c a l l y  d i s t r i b u t e d  as 2 is 

assumed t o  be i n  fo rce .  "Noisy measurements" r e f e r  to obse rva t ions  

of the  form (4.1) ( i n  c o n t r a s t  t o  f (x  ), which is considered a 

" n o i s e l e s s  measurerrent"). 

measureable f u n c t i o n s  on x ,  the u n i t  i n t e r v a l .  

n 

A s  i n  Sec t ion  3, P i s  t h e  s e t  of Lebesgue- 
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Theorem 9 :  One may compute a s e a r c h  procedure S on no i sy  rneasure- 

ments under which 

3 

- - 

l /n 2 E(X f )  + 0 almost s u r e l y  
j’ 5-1 

fo r  a l l  n o i s e  d i s t r i b u t i o n s  2 and all f f l  for which t h e r e  i s  a 

sequence (w,) such t h a t  L(w f )  > 0 ,  n = 1, 2, ...# and nJ 

Pim- L(wnpf) = 0. 

Remark: For piecewise cont inuous f u n c t i o n s  f ,  t h i s  fast r e s t r i c t i o n  

is s a t i s f i e d  i f  f does no t  assume i ts  maximum on a p l a t e a u .  

PROOF: The d e s c r i p t i o n  o f  t he  s e a r c h  procedure S uses the fol lowing 3 
n o t a t i o n :  

rvss 

d i s t r i b u t i o n  func t ion  cons t ruc t ed  from t h e  obse rva t ions  which, 

{u(n)) i s  an obse rva t ion  of a sequence of independent 

denotes  the ernpiric 5.4 (3) {U(n)) uniformly d i s t r i b u t e d  on X .  

d u r i n g  the  course of  t he  search,  have been made a t  u( j )J  J = 1, 2, .... 
(An empi r i c  d i s t r i b u t i o n  f u n c t i o n  F cons t ruc t ed  from any sequence n 

~ ... n 
{x 1 C of n real numbers i s  the  cumulative d i s t r i b u t i o n  f u n c t i o n  

i i=l 
determined by the  expres s ion  

nFn(x) = number of elements x of {xi) C such that x S x. 
1 -f il.1 J 

is the  cumulative d i s t r i b u t i o n  f u n c t i o n  (cdf) f o r  t h e  rv 
u (J) F 

f ( u ( j ) )  + 2 ;  i.e.,- 

Nore -gene ra l ly ,  Fx is the  cdf of f (x)  + 2 .  I f  H(x) 

func t ion ,  t he  norm I I H I  I - S U ~ ~ ~ H ( X ) .  { ~ ( v ) }  is a 

dn tege r s  such that i f  n > K(v), then f o r  any cd f  F, 

i s  any real  

sequence of 

and empi r i c  



. .  
. . i ... . -  

z . .  i i 
I 

distribution function F 'constructed from n €ndependent observations 

distributed as F, 
n 

Hassey [loa gives an algorithm capable of computing 8 minimum such 

number K(v). {M(v)) is a sequence computed inductively by the 

following tule: 

H(v) = M(v - 1) + A(v) + V R(v), v > 2 

where A(v) is some positive integer such that 

M(v-1) + v K(v) + (v + 1) K(v + 1) /A(v) < l /v .  

Having described {K(v)) and 

the search procedure S 

{M(v)), we are in a position to reveal 

- .  
a' 

Etep 1: 

For each iteration v, v = 2, 3, o o . ,  of these steps I-3,'the 

points (Xn)nEM(v) M(v)+vK(v) are chosen, at each n, from the-set of points 

{u(j): j = 1, 2, ..., VI, so that each u(j) is sampled K(V) times. 

Therefore, by time M(v) + vK(v), 

Step 2: 

A t  time N(v) + vK(v)j 8 positive integer v* $ v is selected . 
such'that for every real number z ,  
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Xf no-such v* can be s e l e c t e d ,  v' is chosen a r b i t r a r i l y .  

S t e p  3: 

A t  times n, M(v) + vh(v) < n < M(v + l), xn = u(v*) e A t  t i m e  

Bt(v + l),  s t e p  1 is repeated,  w i t h  v i nc reased  by 1. 

l i n i n g  a proof t h a t  S as  j u s t  descr ibed,  posses s  t h e  p rope r ty  

a s s e r t e d  i n  the  theorem, i t  is necessag t o  recognize t h a t  w i t h  

p r o b a b i l i t y  1, (4.4) will .  hold f o r  a l l  but f i n i t e l y  many V. 

Toward'out- 

3' 

For 

demonstrat ion of t h i s ,  let u(v') be any number such t h e  

%hen fo r  a l l  z 

*U(V') 4 -  

(which u i l l .  be The even t  denoted 

ImgP ie  s , - .  i n e q u a l i t y ,  t h a t  f o r  j s v, . e. t h e  t r i a n g l e  

(2) > F (2) - 2/vs all real z 
'N (v ') N W  .- - 

I -  . .  (4.4) ho lds  w i t h  V* = v ' *  Note t h a t  by c o n s t r u c t i o n  of 

.!. ' t i  . - .  

B (v) ' occurs~  f o r  
_.. 

and consequently,  by the Bore l -Can te l l i  l e m ,  

f i n i t e l y  many v, concluding our  a s q e r t i o n  t h a t  for a l l  b u t  f i n i t e l y -  

many v, coficluding o u r  a s s e r t i o n  t h a t  for a l l  bu t  f i n i t e l y  many v, . ' 

-... ' 

.. ' . .  . ' 
I .  \ I  

. . .  
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Y *  can  be picked t o  s a t i s f y  (4.4) e 

s o i i a n t  t h a t  v.* always has the prope r ty  (4.4) 

d k  v i t h  l i m i t  theorems, thid assumption w i l l  not lead us a s t r a y .  

W e - w i l l  h e r e a f t e r  assume wi thout  

As our only  concern y - -  *-.- ><-: - _  -.- 

The completion of the proof t h a t  S leads t o  t h e  convergence 

By t h e  choice  of M(v) and A(v), 

a -  n 
of l/n I; L(xi,f) to  0 is a t  hand. i- 1 
we have t h a t  at a l l  times Q dur ing  the  x t h  i t e r a t i o n  of s t e p s  1-3 

(v > 2) t h a t  

Number of Observat ions x l < i < Q ,  t aken  i' 
a t  (v-l)* or vr J /Q > (v-1) /v, 

and t hus  for a l l  n > M(3), 

The proof is completed by showing t h a t  a lmost  sure ly ,  

%(U(V*),f) * 0 .  

L e t  x' be any p o i n t  in X such t h a t  L(x',f) > 0 .  

some element u(h) i n  an obse rva t ion  of c U(v)) gives f (u(h))  5 f ( x v )  

Then c e r t a i n l y ,  

I f  H is a number such that 

then f o r  a l l  v > max fH,h); i f  f ( u ( j ) )  S f (x ' ) ,  

which impl ies  t h a t  j cannot be chosen t a  s a t i s f y  (4.4) f o r  v*. 

this we deduce t h a t  

From 



Let I w  1 be a sequence, as i n  the  hypothes is  of the theorem, such n 

t ha t -L(un , f )  0 and (L(wn,f)) * 0. Then (4 .7 )  holds almost . .- s u r e l y  

s imul taneous ly  f o r  a l l  the w ( i n  place of x') and we conclude t h a t  n 
w i t h  p r o b a b i l i t y  1, 

Theorem 9: One may c m p u t e  a sea rch  procedure SgT on noisy rneasure- 

ments under which 
0. - 

- n  
(&/n) C E(X, , f )  -+ 8 in p r o b a b i l i t y  * i=1 - _ _  . 

c.- ' * -  

. for a l l  no i se  d i s t r i b u t i o n s  and a l l  €go 

PROOF: S3' d i f f e r s  from S only i n  s t e p  2, 

r e s t r i c t i o n  is made t h a t  v . be the  g r e a t e s t  
3 

such t h a t  f o r  every  r e a l  number z, 
0 

where f o r  S e the  

p o s i t i v e  i n t e g e r  v 
a 

Observe t h a t  S.,' is a v e r s i o n  of S and consequently i t  ach ieves  3' 
eonvergence under the  hypothesis  a f . t h e  preceding  theorem. 

In the  absence of a sequence { wn) as hypothesized i n  the  

p rev ious  theorem, 

m 

(As i n  Sec t ion  3, 

t h e r e  i s  a number t' such t h a t  
- _- - 

f > t v  0 0  and m f = t * >  0. (4 9 )  

. -  
- _  we use the abbrev ia t ion  mcf b] t o  denote the * 

Lebesgue measure of the  doinain of improvement (x:f(x)> b)). We 

use t h e  notation of t h e  proof $0 t h e  preceding theorem. L e t  h be 

. .  
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I 
an i n t e g e r  ( sure ly  e h e r e ' i s  one) such  t h a t  - f (u(h)) = t'. Then for 

w i h ,  under S ', v becomes V* by v i r t u e  of one of the  e v e n t s  A(v) 

81: B(v) ( i n  the  s igma-f ie ld  of the process  determined by S and f )  3 .  
occur r ing :  , ,  

3 

Be re 

Note t h a t  P[A(v)UB(v)] 2 P[A(v)] = mCf - e'] which is p o s i t i v e  and 

a(v) - inf {a:llFt, - ~ , l l  s 2 / v L  

independent of V. Thus under S ' i n f i n i t e l y  many d i f f e r e n t  v a r e  3 '  
chosen as v*. Our proof c o n s i s t s  of showing (below) t h a t  

(4 . 10) 

Note t h a t  A(v) and B1(v) are independent a f  tU(k): 

(4.10) imp l i e s  t h a t  lim P f(U(v*)) = t' = 1, which i n  t u r n  impl ' ies  

k # VI. Thus 

, -  .- W 

t h a e t L ( U ( v 9 , f ) )  converges -.. i n  p r o b a b i l i t y  t o  0. 

e q u a t i o n  (4.6)) concludes the proof 

This ( i n  view of 

--. , - -_ 
c 

We proceed now t o  the  demonstration of (4.10). L 

PCB (v) I A(v) UB (v) 3 5 P 'B1 (v) f A  (v) UB-(;) J 
. .  

.. . 

. .  .: 

As (a(v)) converges t o  0 monotonically, by the  c o n t i n u i t y  proper ty  

of measures, 



S i m i l a r l y ,  

e 

Urnv PCt' 2 f (u(v) )  2 t s  - a(v) 1 = P[f(U(v)) - t'1 .I mCf - t '1>0.  

Thus PCB,,(v) lA(v)yB(v) 3 48, which in t u r n  imp l i e s  that; 

P ~ B ( v ) ~ A ( v ) ~ B ( v ) ~  + 0 .  

We d i s c u s s  b r i e f l y  p o s s i b l e  ex tens ions  of t he  preceding  theory  

for  s e a r c h  procedures  us ing  noisy  measurements. F i r s t  we mention 

ghat  under  the  hypothes is  of the preceding theorem (Theorem 9 ) ,  

s e a r c h  procedures  may be devised t o  achieve convergence i n ' p r o b a b i l i t y  

of &(Xnrf) t o  0 ,  f o r  a l l  fep. One way is  t o  choose M(v) (descr ibed 
-. 

in t h e  proof  t o  Theorem 9) randomly and s u f f i c i e n t l y  spa r se ly .  

Next w e  cons ide r  d i f f e r e n t  assumptions about  the  nois; p rocess .  

The 'search procedure S ' desc r ibed  i n  t h i s  s e c s i o n . i s  e f f e c t i v e  . a 
r e g a r d l e s s  of the n o i s e  d i s t r i b u t i o n  F Our r e s u l t s  cannot  

e s s e n t i a l l y  be improved, for gene ra l ly  even i f  Fz i s  s p e c i f i e d  i n  

advance, uniform ( o n F )  lower bounds f o r  convergence cannot  be . 

2- ' 

- 
- .  

ob t s ined .  

in advance, we may l e t  t he  no i se  depend on the  o p e r a t i n g . p o i n t  x q .  

'6hat is, i f  t he  n e a s u r e m n t  made at opera t ing  p o i n t  x is t h e  random 

On the  o t h e r  hand, i f  t he  noise  d i s i r i b u t i o n  is a v a i l a b l e  

t 

wariab le  f (x)  + Z(x), Z(x). being a random v a r i a b l e  w i t h  known cdf FX, 

then  t h e r e  a r e  sea rch  procedures  which achieve convergence i n  

p r o b a b i l i t y  of 
~ . .  - -  

and 

. - n  

- .  



for a l l  measureable func t ions  f 

fn t h e  n o t a t i o n  of Theorem . -- 8, l e t  u s  ske fch  how convergence 

$1 may be achieved, u s ing  an  i t e r a t i v e  sea rch  procedure.  S t e p  one 

b e g h s  a t  time M(v), v 2 2. 

Itep'l: 

M(2) = 1 

. _ -  Find a number'&. such t h a t  
d 

. *  

Sample a t  u(j) ,  (1 4 j 5 v), s u f f i c i e n t l y  many t imes so t h a t  

(4.11) 

is t he  d i s t r i b u t i o n  of f ( u ( j ) )  + Z ( u ( j ) ) *  K(v) is u W  Xn (4-11)8 F 

.defined t o  be t he  nunber of obse rva t ions  r equ i r ed  to  achieve  (4.11). 

Step 2: Define f '  (v), i f  poss ib l e ,  so t h a t  
J 

(4 . 12) 

@'is def ined  to'be the g r e a t e s t  i n t e g e r  k(k S v) such t h a t  

.. 
(4.13) 

_ -  
Step 3: 

U(v*) until time M(v) + K(v) + A(u), where A(v) i s  a p o s i t i v e  i n t e g e r  

If seep  1 began with the M(v)th observa t ion ,  sample a t  

l a r g e  enough t h a t  

H(v) + K(v) + K(v + l)/A(v) < l / v .  

. . .  

I n c r e a s e  v by 1 and r e t u r n  to s t e p  1, setting the  new M(v) t o  . ' 
M(v) + K(v) - + A(v) + 2 .  

c 

. .. 
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Notice t h a t  i f  (4.12) and the event  i n  (4.11) are s a t i s f i e d ,  

which, by choice of 6 imp l i e s  t h a t  
J' 

tf(u(J)) E' (VI! * l / v ,  
- --s* _ -  - 

0 .. -9 

* .  
J 

From t h i s  we see that under o u r  s e a r c h  procedure, 

. .  

. -  - .  

(4 0 14) 

(4.15) 

%he conc lus ion  t h a t  e ( U ( v  ) , f ) )  converges in p r o b a b i l i t y  60 0 (and 
.R 

consequently so does I f n  i& L(Xi , f )  ) i s  r e a d i l y  der ived from (4.6). 

We c l o s e  t h i s  s e c t i o n  by mentioning r e l a t e d  s t u d i e s .  Brooks [SI 

mentioned the i d e a  of overcoming noise  by r epea ted ly  sampling a t  

each o p e r a t i n g  p o i n t .  We have s ta ted t h a t  i n  Kushner theory 17 1 

it i s  supposed that f is a.sasple f u n c t i o n  of a known Brownian 

motion process .  It i s  f u r t h e r  allowed t h a t  t h e  measurement may be 

co r rup ted  by Gaussian no i se  having ze ro  mean and a known variance,  

which is allowed t o  depend on the o p e r a t i n g  p o i n t  x. 

for conputing an optimal  s e a r c h  procedure minimi z i n g  E[ ( I I f  1 1 - f (X ) ) 3 
is sketched, b u t  i t  i s  no t  proven t h a t  rhese methods y i e l d  conver- 

genee of the above e x p e c t a t i o n  t o  0. 

The fr'arnework - - _. 

n 

- -_  

Our s t u d i e s  are a l s o  somewhat related t o  t h e  subject of " s t o c h a s t i c  

approximation," i n i t i a t e d  by Monro and Robbins [Llj and placed in an 

op t imiza t ion  s e t t i n g  by Kie fe r  and Wolfowitz [12 7. A d e f i n i t i v e  

survey of s t o e l i a s t i c  spproxiniation has been w r i t t e n  by Schmetterer  - 
- 

* C131. B r i e f l y ,  the s t o c h a s t i c  approximation problem i n  determining 



: the maxinun of a r e g r e s s i o n  f u n c t i o n  &y be viewed as the problem 

of f i n d i n g  a sea rch  procedure y i e l d i n g  a sequence ' I j  ex d. 3 converging 

( e i t h e r  i n  p r o b a b i l i t y  or almost  su re ly )  t o  x*, where x? i s  the  

unique o p e r a t i n g  p o i n t  maximizing f. The stochastic approximation 

m e t i n g  i s  more gene ra l  than  ou r s  - i n  t h a t  t he  noise  process ,  while  

(as in our  s t u d i e s )  be ing  independent of e a r l i e r  observa t ions ,  may 

be unknown and y e t  depend on xo  

r e s t r i c t i v e  than  our  theory because f muse be a func t ion  which i s  

mimodal ,  i .e. monotonically i n c r e a s i n g  for x 

dec reas ing  for x > x* .  

_ _  

x 

- 

But it is a t  the  same time more 

& and monotonically 

There are var ious  o t h e r  assumptions imposed 

on bo th  P and t h e  no i se  process;  t he  reader  is i n v i t e d  t o  c o n s u l t  

t h e  s t o c h e s t i c  approximadon r e fe rences  for d e t a i l s  of t h i s  very 

deeply researched  theory .  

V. S W R Y  AND EXTENSIONS 

It is  ev iden t  that ehe methods of t h i s  paper  can be used f o r  

bounded i n t e r v a l s  o t h e r  than the  u n i t  i n t e r v a l .  

Lebesgue s e t  having p o s i t i v e  f i n i t e  measure'may p lay  the  r o l e  of X. 

'Also, no doubt t he  r e a d e r  has  no t i ced  t h a t  while  we were assuming 

I n  fact, any 

X t o  be the  u n i t  i n t e r v a l ,  i n  a l l  s e c t i o n s  b u t  the preceding  no 

r e s t r i c t i o n ,  o r  even changes, are requi red  i f  i n s t ead ,  X i s  taken 

to  be the  u n i t  n-cube. Of course,  i n  h igher  dimension, m[AJ i s  the  
. 

mult i -dimensional  Lebesgue'measure of the set  A, and w i t h  t h i s  

measure, E(x,f) The uniform searches  i n  h igher  

dimension problems a r e  aga in  uniform searches ( i n  the  h ighe r  

dimension X) ~ A p o i n t  where i t  may not  be c l e a r  t h a t  t he  theory can  

be extended i s  i n  the noisy measurement problem s tudied  i n  the  

0 

m[f > f(x) 3 



preceding s e c t i o n .  

way t o  find-K(v) if F and Fn are n - d i w n s i o n a l  cd f ' s ,  

It is  n o t  perhaps well-known t h a t  t h e r e  is a 
,. 

Never the less ,  

- - it is true t h a t  for h igher  d i rEns ions ,  K(v) can be computed as 
.. Kiafer and Wolfowtiz have proven [14$ esp. pp. 181-182 3 .  

%he R(v) computed-by w a n s  of t h e  preceding  r e fe rence  is not  c l o s e  

t o  t h e  mininun p o s s i b l e  K(v) , and it depends on t h e  dimension of X . - - _ .  

* W i t h  t h i s  l as t  except ion ,  our  t heo ry  is independent of dimension. 

Extens ion  bf our  theory  t o  sets X which are unbounded i n t e r -  

. wals 0; o t h e r  sets wi th  i n f i n i t e  Eebesgue measure r e q u i r e s  more 

- 

adapta t ion .  One p o s s i b i l i t y  o f  b r ing ing  such  sets i n t o  t h e  frame- 

- mrk'of t h e  preceding a n a l y s i s  is t o  accept  i n  p l ace  of m, some 

- l i n e a r  measure as (such as t h e  Gaussian p r o b a b i l i t y  r sa su re )  which 

assigns a f i n i t e  number t o  t h e  real l i n e .  One then  assumes t h a t  

t h e  loss E(x,f) a s s o c i a t e d  wi th  ope ra t ing  a t  p o i n t  x is m o  [f>f(x) 1. 

O u r  a i a i y s i s  r e n a i n s  v a l i d  i f ,  i n s t e a d  of sampling X uniformly,  

i t .  fs sampled accord ing  t o  a p r o b e b i l i t y  f u n c t i o n  P such t h a t  f o r  

- - *- _ _  D e  some c.; 

P I A ]  = c a' E A 3  , * a l l  Bore1 s u b s e t s  A c x .  
-. 

A Bayesian might want t o  fo l low t h i s  approach r e g a r d l e s s  o f  the 
. .  

g b e s g u e  measure of  X i n  o r d e r  t o  take advantage of p r i o r i  

i deas  about  t h e  l o c a t i o n  of maximizing values of f. 

While on t h e  s u b j e c t  of t h e  Bayesia'n viewpoint,  we mention 

t h a t  i f  a cost  c is a t t ached  t o  naking each  obse rva t ion ,  and a l o s s  

L' (L(x,f)) ,  a monotonic func t ion  o f  L(xf) , is z s s o c i a t e d  wi th  

. -  s topp ing  the  s e a r c h  when x 

func t ion ,  then t h e  o p t i n a l  s topp ing  r u l e  is t o  s t o p  after t h e  

= x and f is t h e  unknown c r i t e r i o n  a* 

. .  
I 

. .  .. . 



. .  . -  
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- T t h  sample,  where T is t h e  greatest i n t e g e r  such  t h a t  

ELL' 

We have s e e n  t h a t  t h e  d i s t r i b u t i o n  of L(X f)  is independent of f n*' 
i f  1.1 f>t 3 is continuous.  Thus t h e  opt imal  s topp ing  t i m e  T may be 

determined i n  advance of w k i n g  measurement. - 

I f  P is a set  of uniformly bounded measureable func t ions ,  
r, . 

the uniform bound M being known, i n d  i f  

L"(.x,f)  E/ f(Y)dY# E = Qr:f(Y9 > f i X > l ,  
-E 

then L"(x,f) < M m(f>f(x)) and one sees that t h e  preceding theory  

is a p p l i c a b l e  f o r  f i n d i n g  sea rch  procedures under which t h e  loss ,  

. as measured by L", converges,  i n  t h e  r e s p e c t i v e  senses ,  t o  zero.  

We are indebted t o  our  co l league  D r .  'A. Wayne Xymore, f o r  sugges t ing  

t h i s  observa t ion ,  
_ .  . 

The goa l  i n  t h i s  paper has been t o  d e l i m i t  what can  be done 

by s e q u e n t i a l  s ea rch  procedures when the  set of o b j e c t i v e  func t ions  

2s r i c h  enough t o  inc lude  a l l  cont inuous func t ions .  Where p o s s i b l e ,  

we have sought  bounds t o  t h e  number of observa t ions  needed t o  

accomplish those  r e s u l t s  t h a t  can be accomplished. This goa l  is 

mre i n  the  t r a d i t i o a  of a u t o m t a  theory  than  numerical  ana lys i s .  

Toward t h i s  goa l  we have revea led  s e v e r a l  s e a r c h  procedures g i v i n g  

convergence ( i n  va r ious  senses)  t o  opt imal  performance. Many of 

t h e s e  resul ts  , e s p e c i a l l y  i n  the  no i sy  measurement case, are 

-_ 

bel ieved  t o  be new. 

For  particular nuccr ical  probleins wherein sone p r i o r  knowledge 

of the c r i t e r i o n  func t ion  f is a v a i l a b l e ,  =e expec t  t h a t  o f t e n  

h e u r i s t i c  c o t s i d e r a t i o n s  w i l l  y i e l d  more. r a p i d  convergence than  



our  a lgor i thms,  The l i terature sugges t s  t h a t  h e u r i s t i c  "creeping 

search' '  programs (e,g. Sch-r and S t e i g l i t z '  [15] ) 'have been used 

bor some tine. 

found t h e  number of sea rches ,  N, r equ i r ed  t o  s a t i s f y  h i s  t o l e r a n c e  

of error, i f  t h e  c r i t e r i o n  f u n c t i o n  possesses  any r e g u l a r i t y  whatso- 

I n  any even t ,  i n  couputa t ion ,  once t h e  des igner  h a s  

ever , it would seen s e n s i b l e  t o  sample- a t  evenly  spaced g r i d  p o i n t s  

r a t h e r  than  randomly chosen p o i n t s  as per  t h e  preceding algori thms.  

. .  

We-suspect t h a t  t h e  procedures w e  have proposed may have merit i f  

t h e  func t ion  f is e a s i l y  eva lua ted  (such as i n  Pinear  or q u a d r a t i c  

programming problenls , etc.) Regardless  of its computat ional  writs 

(or l a c k  t h e r e o f ) ,  t h e  preceding -. a n a l y s i s  sliould have p r a c t i c a l  

v a l u e  i n  p o i n t i n g  o u t  t h a t  c e r t a i n  sea rch  problems which are much 

mote d i f f i c u l t  than  those c u r r e n t l y  s t u d i e d  are, i n  p r i n c i p l e  a t  

least, amenable t o  so lu t ion .  

O u r  viewpoint and procedures d i f f e r  from o the r  approaches t o  . 

t h e  s e q u e n t i a l  s e a r c h  problem i n  t h a t  t h e  na tu re  of t h e  dowain 

space  X can  be suppressed. As noted above, t h e  dimension of x 
p lays  l i t t l e  r o l e ,  and i n  c o n t r a s t  w i th  many o t h e r  s t u d i e s ,  t h e  

c loseness  of t h e  ope ra t ing  p o i n t  x t o  a n  o p t i n i z i n g  p o i n t  x* is  o f  

no consequence; i t  is on t h e  c loseness  of f(x) t o  f(x*) t h a t  our 

a t t e n t i o n  focuses.  

I 
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